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PREFACE.

AFTER I had composed the following Essay, I naturally felt anxious to become

acquainted with what had been effected by former writers on the same subject, and, had it

been practicable, I should have been glad to have given, in this place, an historical sketch

of its progress; my limited sources of information, however, will by no means permit me

to do so; but probably I may here be allowed to make one or two observations on the few

works which have fallen in my way, more particularly as an opportunity will thus offer

itself, of noticing an excellent paper, presented to the Royal Society by one of the most

illustrious members of that learned body, which appears to have attracted little attention,

but which, on examination, will be found not unworthy the man who was able to lay the

foundations of pneumatic chymistry, and to discover that water, far from being according to

the opinions then received, an elementary substance, was a compound of two ofthe most

important gasses in nature.

It is almost needless to say the author just alluded to is the celebrated CAVENDISH,

who, having confined himself to such simple methods, as may readily be understood by

any one possessed ofan elementary knowledge ofgeometry and fluxions, has rendered his

paper accessible to agreat number of readers; and although, from subsequent remarks, he

appears dissatisfied with an hypothesis which enabled him to draw some important con-

clusions, it will readily be perceived, on an attentive perusal of his paper, that a trifling

alteration will suffice to render the whole perfectly legitimate.*

* In order to make this quite clear, let us select one ofCAVENDISH's propositions, the twentieth for instance, and examine with

some attention the method there employed. The object of this proposition is to show, that when two similar conducting bodies communi-

catebymeans ofa long slender canal, and are charged with electricity, the respective quantities of redundant fluid contained in them, will

be proportional to the n- 1 power of their corresponding diameters : supposing the electric repulsion to vary inversely as then power of

the distance. This is provedby considering the canal as cylindrical, and filled with incompressible fluid ofuniform density : then the quantities

of electricity inthe interior of the two bodies aredeterminedby a very simple geometrical construction, so thatthe total action exerted on the

wholecanalbyone ofthem, shall exactly balance that arising from the other; and from some remarks in the 27th proposition, it appears

the results thus obtained,agree very well with experiments inwhich realcanals are employed,whether they are straight or crooked, provided,

as has since been shown by COULOMB, n is equal to two. The author however confesses he is by no means able to demonstrate this, al-

though, as we shall see immediately, it may very easily be deduced from the propositions contained in this paper.

For this purpose, let us conceive an incompressible fluid of uniform density, whose particles do notact on each other, but which are subject

tothe same actions from all the electricity in their vicinity, as real electric fluid of like density would be; then supposing an infinitely thin

canal of this hypothetical fluid,whose perpendicular sections are all equal and similar, to pass from a point a on the surface of one of the

bodies, through aportion of its mass, along the interior of the real canal, and through a part of the other body, so as to reach apointA on

its surface, and thenproceed from A to a in a right line, forming thus a closed circuit, it is evident from the principles ofhydrostatics, and

maybe proved from our author's 23d proposition, that the whole of the hypothetical canal will be in equilibrium, and as every particle of

theportioncontained within the system is necessarily so, the rectilinear portion admust therefore be in equilibrium. This simple consi-

deration serves to complete CAVENDISH's demonstration, whatever may be the form or thickness ofthe real canal, provided the quantity of

electricity in it is very small compared with that contained in the bodies. An analagous application of it will render the demonstration of

the 22d proposition complete,when the two coatings ofthe glass plate communicate with their respective conducting bodies,by fine metallic

wires ofany form.



vi

:

Little appears to have been effected in the mathematical theory of electricity, except

immediate deductions from known formulæ, that first presented themselves in researches

on the figure of the earth, of which the pricipal are, the determination of the law of the

electric density on the surfaces of conducting bodies differing little from a sphere, and on

those of ellipsoids, from 1771, the date of CAVENDISH's paper, until about 1812, when M.

POISSON presented to the French Institute two memoirs of singular elegance, relative to

the distribution of electricity on the surfaces ofconducting spheres, previously electrified

and put in presence of each other. Itwould be quite impossible to give any idea ofthem

here: to be duly appretiated they mustbe read. It will therefore only be remarked, that

they are in fact founded upon the consideration ofwhat have, in this Essay, been termed

potential functions, and bymeans of an equation in variable differences, which may imme-

diately be obtained from the one given in our tenth article, serving to express the relation

between the two potential functions arising from any spherical surface, the author deduces

the values of these functions belonging to each of the two spheres under consideration,

and thence the general expression of the electric density on the surface of either, together

with their actions on any exterior point.

I am not aware ofany material accessions to the theory of electricity, strictly so called,

except those before noticed; but since the electric and magnetic fluids are subject to one

common law ofaction, and their theory, considered in a mathematical point of view, con-

sists merely in developing the consequences which flow from this law, modified only by

considerations arising from the peculiar constitution of natural bodies with respect to

these two kinds of fluid, it is evident the mathematical theory of the latter, must be very

intimately connected with that of the former; nevertheless, because it is here necessary to

consider bodies as formed of an immense number of insulated particles, all acting upon

each other mutually, it is easy to conceive that superior difficulties must, on this account,

present themselves, and indeed, until within the last four or five years, no successful attempt

to overcome them had been published. For this farther extension of the domain of

analysis, we are again indebted to M. POISSON, who has already furnished us with three

memoirs on magnetism: the two first contain the general equations on which the magnetic

state of a body depends, whatever may be its form, together with their complete solution

in case the body under consideration is a hollow spherical shell, of uniform thickness,

acted upon by any exterior forces, and also when it is a solid ellipsoid subject to the influ-

ence of the earth's action. By supposing magnetic changes to require time, although an

exceedingly short one, to complete them, ithad been suggested that M. ARAGO's discovery

relative to the magnetic effects developed in copper, wood,glass, etc.,by rotation, might be

explained. On this hypothesis M. POISSON has founded his third memoir, and thence

deduced formulæ applicable to magnetism in a state of inotion. Whether the preceding

hypothesis will serve to explain the singular phenomena observed by M. ARAGO or not, it

would ill become me to decide; but it is probably quite adequate to account for those

produced by the rapid rotation of iron bodies.

Wehavejust taken a cursory view ofwhat has hitherto been written, to the best ofmy

knowledge, on subjects connected with the mathematical theory of electricity; and al-

though many of the artifices employed in the works before mentioned are remarkable for

their elegance, it is easy to see they are adapted only to particular objects, and that some

general method, capable ofbeing employed in every case, is still wanting. Indeed M.
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POISSON, in the commencement of his first memoir (Mem. de l'Institut 1811), has inciden-

tally given amethod for determining the distribution of electricity on the surface of a

spheroid of any form, which would naturally present itself to a person occupied in these

researches, being in fact nothing more than the ordinary one noticed in our introductory

observations, as requiring the resolution of the equation (a). Instead however of sup-

posing, as we have done, that the point p must be upon the surface, in order that the

equation may subsist, M. POISSON availing himself of a general fact, which was then sup-

ported by experiment only, has conceived the equation to hold good wherever this point

may be situated, provided it is within the spheroid, but even with this extension the me-

thod is liable to the same objection as before.

Considering how desirable it was that a power of universal agency, like electricity,

should, as far as possible, be submitted to calculation, and reflecting on the advantages that

arise in the solution of many difficult problems, from dispensing altogether with a par-

ticular examination of each ofthe forces which actuate the various bodies in any system,

byconfining the attention solely to that peculiar function on whose differentials they all

depend, I was induced to try whether it would be possible to discover anygeneral relations,

existing between this function and the quantities of electricity in the bodies producing it.

The advantages LAPLACE had derived in the third book of the Mecanique Celeste, from

the use of a partial differential equation of the second order, there given, were too marked

to escape the notice ofanyone engaged with the present subject, and naturally served to

suggest that this equation might be made subservient to the object I had in view. Recol-

lecting, after someattempts to accomplish it, that previous researches on partial differential

equations, had shown me the necessity of attending to what have, in this Essay, been

denominated the singular values of functions, I found, by combining this consideration

with the preceding, that the resulting method was capable of being applied with great

advantage to the electrical theory, and was thus, ina short time, enabled to demonstrate

the general formulæ contained in the preliminary part of the Essay. The remaining part

ought to be regarded principally as furnishing particular examples of the use of these

general formulæ; their number might with great ease have been increased, but those

which are given, it is hoped,will suffice to point out to mathematicians, the mode of apply-

ing the preliminary results to any case they may wish to investigate. The hypotheses on

which the received theory of magnetism is founded, are by nomeans so certain as the facts

onwhich the electrical theory rests ; it is however not the less necessary to have the means

of submitting them to calculation, for the only way that appears open to us in the investi-

gation ofthese subjects, which seem as it were desirous to conceal themselves from our

view, is to form the most probable hypotheses we can, to deduce rigorously the conse-

quences which flow from them, and to examine whether such consequences agree numeri-

cally with accurate experiments .
The applications of analysis to the physical Sciences, have the double advantage of

manifesting the extraordinary powers of this wonderful instrument ofthought, and at the

same time of serving to increase them; numberless are the instances of the truth of this

assertion. To select one we may remark, that M. FOURIER, by his investigations relative

toheat, has not only discovered the general equations on which its motion depends, but

has likewise been led to new analytical formulæ, by whose aid M. M. CAUCHY & POISSON

have been enabled to give the complete theory of the motion ofthe waves in an indefinitely
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extended fluid. The same formulæ have also put us in possession of the solutions of

many other interesting problems too numerous to be detailed here. It must certainly be

regarded as a pleasing prospect to analists, that at a time when astronomy, from the state

ofperfection to which it has attained, leaves little room for farther applications of their

art, the rest of the physical sciences should show themselves daily more and more willing

to submit to it ; and, amongst other things, probably the theory that supposes light to de-

pend on the undulations ofaluminiferous fluid, and towhich the celebrated Dr. T. YOUNG

has given such plausibility, may furnish a useful subject of research, by affording new

opportunities of applying the general theory of the motion of fluids. The number of

these opportunities can scarcely be too great, as it must be evident to those who have

examined the subject, that, although we have long been in possession ofthe general equa-

tions on which this kind of motion depends, we are not yet well acquainted with the

various limitations it will be necessary to introduce, in order to adapt them to the different

physical circumstances which may occur.

Should the present Essay tend in anyway to facilitate the application of analysis to one

of the most interesting ofthe physical sciences, the author will deem himself amply repaid

for any labour he may have bestowed upon it; and it is hoped the difficulty ofthe subject

will incline mathematicians to read this work with indulgence, more particularly when

they are informed that it was written by ayoung man, who has been obliged to obtain the

little knowledge he possesses, at such intervals andby suchmeans, as other indispensable

avocations which offer but few opportunities ofmental improvement, afforded.
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AN ESSAY

ON THE APPLICATION OF

MATHEMATICAL ANALYSIS TO THE THEORIES OF ELECTRICITY

AND MAGNETISM.

INTRODUCTORY OBSERVATIONS.

THE object of this Essay is to submit to MathematicalAnalysis the phenomena of

the equilibrium of the Electric and Magnetic Fluids, and to lay down some general princi-

ples equally applicable to perfect and imperfect conductors; but, before entering upon

the calculus, it maynotbe amiss to give ageneral idea of the method that has enabled us

to arrive at results, remarkable for their simplicity and generality, which it would be very

difficult if not impossible to demonstrate inthe ordinary way.

It is well known, that nearly all the attractive and repulsive forces existing in nature

are such, that ifwe consider any material pointp, the effect, in a given direction, of all

the forces acting upon that point, arising from anysystem ofbodies S under consideration,

will be expressed by apartial differential of a certain function of the co-ordinates which

serve to define the point's position in space. The consideration ofthis function is ofgreat

importance inmany inquiries, and probably there are none in which its utility is more

marked than in those about toengage our attention. In the sequel we shall often have

occasion to speak of this function, and will therefore, for abridgment, call it the potential

function arising from the system S. Ifp be a particle of positive electricity under the

infinence of forces arising from any electrified body, the function in question, as is well

known, will be obtained by dividing the quantity of electricity in each element of the

body, by its distance from the particlep, and taking the total sum of these quotients for

the whole body, the quantities ofelectricity in those elements which are negatively elec-

trified, being regarded as negative.

It is by considering the relations existing between the density ofthe electricity in any

system, and the potential functions thence arising, that we have been enabled to submit

many electrical phenomena to calculation, which had hitherto resisted the attempts of

analysts ; and the generality ofthe consideration here employed, ought necessarily, and
B
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does, in fact, introduce agreat generality into the results obtained from it. There is one

consideration peculiar to the analysis itself, the nature and utility of which will be best

illustrated by the following sketch:

Suppose it were required to determine the law of the distribution of the electricity on a

closed conducting surfaceAwithout thickness, when placed under the influence of any

electrical forces whatever: these forces, for greater simplicity, being reduced to three, X,

Y, andZ, in the direction ofthe rectangular co-ordinates, and tending to increase them.

Then e representing the density ofthe electricity on an element do of the surface, and r

the distance between do andp, any other point ofthe surface, the equation for determin-

inge which wouldbe employed in the ordinary method, whentheproblem is reduced to

its simplest form, is known to be

Cons=a=Sedo -f(Xdr+ day+ Zdz) ;.... (a)r

the first integral relative to do extending over the whole surfaceA, and the second repre-

senting the function whose complete differential is Xdx+Ydy+Zdz, x, y and z being the

co-ordinates ofp.

This equation is supposed to subsist, whatevermaybe the position ofp, provided it is

situate upon A. But we have no general theory of equations of this description, and

whenever we are enabled to resolve one of them, it is because some consideration peculiar

to the problem renders, in that particular case, the solution comparatively simple, and

must be lookedupon as the effect of chance, rather than of any regular and scientific

procedure.

We will now take a cursory view ofthe method it is proposed to substitute in the place

ofthe onejust mentioned.

r r

Let us make B=f(Xdx+Ydy+Zdz) whatever may be the position of the point p,

V=Sedowhenp is situate anywhere withinthesurface A, andV=Sedo when p is ex-

terior to it: the two quantities andV', although expressedbythe same definite integral,

are essentially distinct functions ofx, y, and z, the rectangular co-ordinates ofp; these

functions, as is well known, having the property of satisfying the partial differential

equations

deV_d№V . dv

+

dy

0=

dr

0+

dy

+dos

dvd V

dx dz

+

Ifnow we could obtain the values of V and V' from these equations, we should have

immediately, by differentiation, the required value ofP, as willbe shown in the sequel.

Inthe first place, let us consider the function V, whose value at the surfaceA is given

by the equation (a), since this may be written

a=V-B,

the horizontal line over a quantity indicating that it belongs to the surface A. But, as

the general integral of the partial differential equation ought to contain two arbitrary

functions, some other condition is requisite for the complete determination of V. Now
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pdo
since V=

whenp is situate any where within the surfaceA, and it is worthy of remark, that this is

precisely the condition required: for, as will be afterwards shown,when it is satisfied we

shall have generally

it is evident that none of its differential co-efficients can become infinite

V=-f(p)doV;

the integral extending over the whole surface, and (p) being a quantity dependant upon

the respective positions ofp and do.

All the difficulty therefore reduces itself to finding a function V, which satisfies the

partial differential equation, becomes equal to the known value of at the surface, and is

moreover such that none of its differential coefficients shall be infinite when p is withinA.

In like manner, in order to find V', we shall obtain V, its value atA, by means of the

equation (a), since this evidently becomes

=V-B, i. e. アニア

pdo

r

canbe infiniteMoreover it is clear, that none of the differential co-efficients ofV'=" =Seda

when p is exterior to the surface A, and when pis at an infinite distance from A, V' is

equal to zero. These two conditions combined with the partial differential equation in V',

are sufficient in conjunction with its known value ' at the surface A for the complete

determination ofV", since it will be proved hereafter, that when they are satisfied we

shall have

V'=-f(p)dov' ;

the integral, as before, extending over the whole surfaceA,and (p) being a quantity de-

pendant upon the respective position ofp and do.

It only remains therefore to find a function ' which satisfies the partial differential

equation, becomes equal to ' when p is upon the surfaceA, vanishes when pis at an

infinite distance fromA, and is besides such, that none of its differential co-efficients shall

be infinite, when the pointp is exterior to A.

All those to whom the practice of analysis is familiar, will readily perceive that the

problemjust mentioned, is far less difficult than the direct resolution ofthe equation (a),

and therefore the solution of the question originally proposed has been rendered much

easier by what has preceded. The peculiar consideration relative to the differential co

efficients of VandV', by restricting the generality ofthe integral ofthe partial differential

equation, so that it can in fact contain only one arbitrary function, in the place of two

which it ought otherwise to have contained, and, which has thus enabled us to effect the

simplification in question, seems worthy ofthe attention of analysts, and maybe of use in

other researches where equations of this nature are employed.

Wewill now give a briefaccount of what is contained in the following Essay. The

first seven articles are employed in demonstrating some very general relations existing

between the density of the electricity on surfaces and in solids, and the corresponding

potential functions. These serve as a foundationto the more particular applications which



4

follow them. As it would be difficult to give any idea of this part without employing

analytical symbols,we shall content ourselves with remarking, that it contains anumber

ofsingular equations ofgreat generality and simplicity, which seem capable of being ap-

plied to many departments ofthe electrical theory besides those considered in the follow-

ingpages.

Inthe eight article we have determined the general values of the densities of the elec-

tricity on the inner and outer surfaces of an insulated electrical jar, when, for greater

generality, these surfaces are supposed to be connected with separate conductors charged

in any way whatever; and have proved, that for the samejar, they depend solely on the

difference existing between the two constant quantities, which express the values of the

potential functions within the respective conductors. Afterwards, from these general

values the following consequences have been deduced:-

When in an insulated electrical jar we consider only the electricity accumulated on the

two surfaces ofthe glass itself, the total quantity on the inner surface is precisely equal to

that on the outer surface, and ofa contrary sign, notwithstanding the great accumulation

of electricity on each of them: so that if a communication were established between the

two sides of the jar, the sum ofthe quantities of electricity which would manifest them-

selves on the two metallic coatings, after the discharge, is exactly equal to that which,

before it had taken place, would have been observed to have existed on the surfaces of the

coatings farthest from the glass, the onlyportions then sensible to the electrometer.

If an electrical jarcommunicates by means ofa long slender wire with aspherical con-

ductor, and is charged in the ordinary way, the density of the electricity at any point of

the interior surface ofthejar, is to the density on the conductor itself, as the radius of the

spherical conductor to the thickness ofthe glass in that point.

The total quantity ofelectricity contained inthe interior of any number of equal and

similar jars, when one ofthem communicates with theprime conductor and the others are

charged by cascade, is precisely equal to that, which one only would receive, ifplaced in com-

munication with the same conductor, its exterior surface being connectedwith the common

reservoir. This method ofcharging batteries, therefore, must not be employed when any

great accumulation ofelectricity is required.

It has been shown by M. POISSON, in his first Memoir on Magnetism (Mem. de l'Acad.

de Sciences, 1821 et 1822), that when an electrified body is placed in the interior of a

hollow spherical conducting shell ofuniform thickness, it will not be acted upon in the

slightest degree by any bodies exterior to the shell, however intensely they may be elec-

trified. Inthe ninth article ofthe present Essay this is proved to be generally true, what-

evermay be the form or thickness ofthe conducting shell.

In the tenth article there willbe found some simple equations, by means ofwhich the

density ofthe electricity induced on a spherical conducting surface, placed under the influ-

ence ofany electrical forces whatever, is immediately given; and thence the general value

ofthe potential function for any point either within or without this surface is determined

from the arbitrary value at the surface itself,by the aid of a definite integral. The pro-

portion in which the electricity will divide itself between two insulated conducting spheres

ofdifferent diameters, connected by a very fine wire, is afterwards considered; and it is

proved, that whenthe radius of one ofthem is small compared with the distance between

their surfaces, the product ofthe mean density of the electricity on either sphere, by the
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radius of that sphere, and again by the shortest distance of its surface from the centre of

the other sphere, will be the same for both. Hence whentheir distance is very great, the

densities are in the inverse ratio of the radii ofthe spheres .

When any hollow conducting shell is charged with electricity, the whole of the fluid is

carried to the exterior surface, without leaving any portion on the interior one, as may be

immediately shown from the fourth and fifth articles. In the experimental verification of

this, it is necessary to leave a small orifice in the shell: it became therefore a problem of

some interest to determine the modification which this alteration would produce. We

have, on this account, terminated the present article, by investigating the law of the dis-

tribution of electricity on a thin spherical conducting shell, having a small circular orifice,

and have found that its density is very nearly constant on the exterior surface, except in

the immediate vicinity of the orifice; and the density at any point p of the inner surface,

is to the constant density on the outer one, as the product of the diameter of a circle into

the cube of the radius of the orifice, is to the product of three times the circumference of

that circle into the cube of the distance ofp from the centre of the orifice; excepting as

before those points in its immediate vicinity. Hence, if the diameter of the sphere were

twelve inches, and that of the orifice one inch, the density at the point on the inner sur-

face opposite the centre of the orifice, would be less than the hundred and thirty thou-

sandth part of the constant density on the exterior surface.

In the eleventh article some of the effects due to atmospherical electricity are considered;

the subject is not however insisted upon, as the great variability of the cause which pro-

duces them, and the impossibility of measuring it, gives a degree of vagueness to these

determinations.

The form of a conducting body being given, it is in general a problem of great difficulty,

to determine the law of the distribution of the electric fluid on its surface: but it is possible

to give different forms, of almost every imaginable variety of shape, to conducting bodies ;

such, that the values of the density of the electricity on their surfaces may be rigorously

assignable by the most simple calculations : the manner of doing this is explained in the

twelfth article, and two examples of its use are given. Inthe last, the resulting form

ofthe conducting body is an oblong spheriod, and the density of the electricity on its

surface, here found, agrees with the one long since deduced from other methods.

Thus far perfect conductors only have been considered. In order to give an example

ofthe application oftheory to bodies which are not so, we have, in the thirteenth article,

supposed the matter ofwhich they are formed to be endowed with a constant coercive

force equal to ẞ, and analagous to friction in its operation, so that when the resultant of

the electric forces acting upon any one of their elements is less than 8, the electrical state

of this element shall remain unchanged; but, so soon as it begins to exceed ẞ, a change

shall ensue. Then imagining a solid of revolution to turn continually about its axis, and

to be subject to a constant electrical forcefacting in parallel right lines, we determine the

permanent electrical state at which the body will ultimately arrive. The result of the

analysis is, that in consequence of the coercive force ẞ, the solid will receive a new po-

larity, equal to that which would be induced in it if it were a perfect conductor and acted

upon by the constant force 8, directed in lines parallel to one in the body's equator, making

the angle 90°+ช, with aplane passing through its axis and parallel to the direction off:

fbeing supposed resolved into two forces,one in the direction of the body's axis, the other
C
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bdirected along the intersection of its equator with the plane just mentioned, and 7 being

determined by the equation

β

Sin y=

In the latter part of the present article the same problem is considered under a more

general point ofview, and treated by a different analysis: the body's progress from the

initial, towards that permanent state it was the object of the former part to determine is

exhibited, and the great rapidity ofthis progress made evident by an example.

The phenomena which present themselves during the rotation of iron bodies, subject to

the influence of the earth's magnetism, having lately engaged the attention of experimental

philosophers, we have been induced to dwell a little on the solution of the preceding

problem, since it may serve in some measure to illustrate what takes place in these cases.

Indeed, if there were any substances in nature whose magnetic powers, like those of iron

and nickel, admit of considerable developement, and in which moreover the coercive force

was, as we have here supposed it, the same for all their elements, the results of the pre-

ceding theory ought scarcely to differ from what would be observed in bodies formed of

such substances, provided no one of their dimensions was very small, compared with the

others. The hypothesis of a constant coercive force was adopted in this article, in order

to simplify the calculations: probably, however, this is not exactly the case of nature, for

a bar of the hardest steel has been shown (I think by Mr. Barlow) to have a very con-

siderable degree ofmagnetism induced in it by the earth's action, which appears to indi-

cate, that although the coercive force ofsome of its particles is very great, there are others

in which it is so small as not to be able to resist the feeble action ofthe earth. Neverthe-

less, when iron bodies are turned slowly round their axes, it would seem that our theory

ought not to differ greatly from observation; and in particular, it is very probable the

angle vmight be rendered sensible to experiment, by sufficiently reducing b the compo-

nent of the forcef.

The remaining articles treat ofthe theory of magnetism. This theory is here founded

on an hypothesis relative to the constitution of magnetic bodies, first proposed by Cou-

LOMB, and afterwards generally received by philosophers, in which they are considered as

formed of an infinite number of conducting elements, separated by intervals absolutely

impervious to the magnetic fluid, and by means of the general results contained in the

former part of the Essay, we readily obtain the necessary equations for determining the

magnetic state induced in abody of any form, by the action of exterior magnetic forces.

These equations accord with those M. POISSON has found by a very different method.

(Mem. de l'Acad. des Sciences, 1821 et 1822.)

If the body in question be ahollow spherical shell of constant thickness, the analysis

used by LAPLACE (Mec. Cel. Liv. 3) is applicable, and the problem capable of a complete

solution, whatever may be the situation of the centres of the magnetic forces acting upon

it. After having given the general solution, we have supposed the radius of the shell to

become infinite, its thickness remaining unchanged, andhave thence deduced formula be-

longing to an indefinitely extended plate of uniform thickness. From these it follows,

that when the pointp, and the centres of the magnetic forces are situate on opposite sides

ofa soft iron plate ofgreat extent, the total action onp willhave the same direction as the
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resultant of all the forces,which would be exerted on the points p,p',p", p"etc, in infinitum

ifno plate were interposed, and will be equal to this resultant multiplied by avery small

constant quantity: the points p,p',p", p" etc. being all on a right line perpendicular to the

flat surfaces of the plate, and receding from it so, that the distance between any two con-

secutive points may be equal to twice the plate's thickness .

Whathas just been advanced willbe sensibly correct, on the supposition ofthe distances

between the pointp and the magnetic centres not being very great, compared with the

plate's thickness, for, when these distances are exceedingly great, the interposition of the

plate will make no sensible alteration in the force with which p is solicited.

When an elongated body, as a steel wire for instance, has, under the influence ofpow-

erful magnets, received a greater degree of magnetism than it can retain alone, and is af-

terwards left to itself, it is said to be magnetized to saturation. Now if in this state we

consider any one of its conducting elements, the force with which a particle p ofmagnetism

situate within the element tends to move, will evidently be precisely equalto its coercive

forcef, and in equilibrium with it. Supposing therefore this force to be the same for every

element, it is clear that thedegree ofmagnetism retained by the wire in a state of satura-

tion, is, on account of its clongated form, exactly the same as would be induced by the action

ofa constant force, equal tof,directed along lines parallel to its axis, ifall the elements were

perfect conductors ; and consequently, may readily be determined by the general theory.

The number and accuracy of COULOMB's experiments on cylindric wires magnetized to

saturation, rendered an application oftheory to this particular case very desirable, in order

to compare it with experience. We have therefore effected this in the last article, and the

result ofthe comparison is of the most satisfactory kind.

GENERAL PRELIMINARY RESULTS.

(1.) THE function which represents the sum of all the electric particles acting ona

given point dividedby their respectivedistances from this point, has the property ofgiving,

inavery simple form, the forces by which it is solicited, arising from the whole electrified

mass. We shall, in what follows, endeavour to discover some relations between this

function, and the density ofthe electricity in the mass or masses producing it, and apply

the relations thus obtained to the theory of electricity.

Firstly, let us consider a body ofanyform whatever, through which the electricity is

distributed according to any given law, and fixed there, and let x', y', x' , be the rectangular

co- ordinates of a particle of this body, p' the density of the electricity in this particle, so

that dr'dy'dz' being the volume of the particle, e'dx'dy'dz' shall be the quantity of elec-

tricity it contains: moreover, let r' be the distance between this particle and a point p
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exterior to the body, andV represent the sum of all the particles ofelectricity divided by

their respective distances from this point,whose co-ordinates are supposed to be x, y, z,

then shall wehave

and

2 2

r=√( -x)²+(y-y)²+( -x) ,

v=Sp'da'dy'da!;

the integral comprehending every particle in the electrified mass under consideration.

LAPLACE has shown, in his Mec. Celeste, that the function has the property of satis-

fying the equation

0=

dVdVdV

+

dy
dx +dze

and as this equation will be incessantly recurring inwhat follows, we shall write it in the

abridged form 0=8V; the symbol & being used in no other sense throughout the whole of

this Essay.

1

In order to prove that 0=8V, we have only to remark, that by differentiation we imme-

diately obtain 0= 87, and consequently each element of substituted for in the above

equation satisfies it; hence the whole integral (being considered as the sum ofall these

elements) will also satisfy it. This reasoning ceases to hold good when the point p is

within the body, for then, the co-efficients of some of the elements which enter into V

becoming infinite, it does not therefore necessarily follow that satisfies the equation

0=8V,

although each ofits elements, considered separately, may do so.

In order to determine what s becomes for any point within the body, conceive an ex-

ceedingly small sphere whose radius is a inclosing the point p at the distance b from its

centre, a and b being exceedingly small quantities. Then, the value of Vmay be consi-

dered as composed of two parts, one due to the sphere itself, the other due to the whole

mass exterior to it: but the last part evidently becomes equal to zero when substituted for

Vin av, we have therefore only to determine the value of stfor the small sphere itself,

which value is known to be

2

3
δ(2παρ- βερ) ;

•being equal to the density within the sphere and consequently to the value ofp' atp. If

nowx,y, z, be the co-ordinates ofthe centre ofthe sphere, we have

b =(x-x) +(y-y)²+(x-2)*,

2

3

and consequently δ(2παρ-- δερ) =-Απρ.

Hence, throughout the interior ofthe mass

0=8V+4πρ ;

of which, the equation 0= 8Vfor any point exterior to the body is a particular case, seeing

that, here p= 0.
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Let now q be any line terminating in the pointp, supposed without the body, then

-(d)= the force tending to impel a particle of positive electricity in the direction of q,

for Vin -(d), will give the force arising from this element in
dq

to increase q, and consequently,

dv

dq
)

and tending to increase it. This is evident, because each ofthe elements ofVsubstituted

the direction tending

will give the sum ofall the forces due to every

element of V, or the total force acting on p in the same direction. In order to show that

this will still hold good, although the pointp be within the body; conceive the value of

Vto be divided into two parts as before, and moreover let p be at the surface of the small

sphere, or b=a, then the force exerted by this small sphere willbe expressed by

Απαρ

3Amar( );

da

dq

dabeing the increment ofthe radius a, corresponding to the increment dq of q, which

force evidently vanishes when a=0 : we need therefore have regard only to the part due to

the mass exterior to the sphere, and this is evidently equal to

V

4π

3

αερ.

But as the first differentials of this quantity are the same as those of when a is made to

vanish, it is clear, that whether the point p be within or without the mass, the force

acting upon it in the direction of q increasing, is always givenby-( ).

Although in what precedes we have spoken of one body only, the reasoning there em-

ployed is general, and will apply equally to a system ofany number ofbodies whatever, in

those cases even, where there is a finite quantity of electricity spread over their surfaces,

and it is evident that we shall have for a pointp in the interior of any one ofthese bodies

0=8 +4πρ. (1)

Moreover, the force tending to increase a line q ending in any point p within or without

representing the sum ofthe bodies, will be likewise given by--( ); the function V

all the electric particles in the system divided by their respective distances from p. As

this function, which gives in so simple a form the values of the forces by which aparticlep

of electricity, any how situated, is impelled, will recur very frequently in what follows, we

have ventured to call it the potential function belonging to the system, and it will evidently

be afunction of the co-ordinates of the particle p under consideration.

(2.) It has been long known from experience, that whenever the electric fluid is in a

state of equilibrium in any system whatever of perfectly conducting bodies, the whole of

the electric fluid will be carried to the surface of those bodies, without the smallest portion

of electricity remaining in their interior: but I do not know that this has ever been shown

to be a necessary consequence of the law of electric repulsion, which is found totake place

in nature. This however may be shown to be the case for every imaginable system of
D
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:

conducting bodies, and is an immediate consequence ofwhat has preceded. For letx,y, z,

be the rectangular co-ordinates ofany particlep in the interior of one ofthe bodies ; then

will-( ) be the force with which p is impelled in the direction of the co-ordinate x,

and tending to increase it. In the same way

-

dv

dy

and-

dv

dz will be the forces in y and

x, and since the fluid is in equilibrium all these forces are equal to zero: hence

dv

-dy+ dz dv,
dz

0=

dv

-dr-t

da

dV

dy

which equationbeing integrated gives

V=const.

This value of being substituted in the equation (1) ofthe preceding number gives

ρ=0,

and consequently shows, that the density of the electricity at any point in the interior of

anybody in the system is equal to zero.

The same equation (1) will give the value of the density of the electricity in the

interior of any of the bodies, when there are not perfect conductors, provided we can

ascertain the value ofthe potential function in their interior.

(3.) Before proceeding to make known some relations which exist between the density

ofthe electric fluid at the surfaces ofbodies, and the corresponding values ofthe potential

functions within and without those surfaces, the electric fluid being confined to them

alone, we shall in the first place, lay down a general theorem which will afterwards be

very useful to us . This theorem may be thus enunciated :

LetUand be two continuous functions ofthe rectangular co-ordinates x, y, z, whose

differential co-efficients do not become infinite at any point within a solid body of any

form whatever ; then will

dædydzUsV+ doU+Sdov(dv)=SdzdydzV8U+Sdov(du);
dw

the triple integrals extending over the whole interior of the body, and those relative to do,

over its surface, ofwhich do represents an eleinent: du being an infinitely small line per-

pendicular to the surface, andmeasured from this surface towards the interior ofthebody.

To prove this let us consider the triple integral

Sdedydz{( )( )+( )( )+ (*)(*)}.

The method of integration by parts, reduces this to

dxdzV

Saydzvodu Saydzv U +Sardev U -Sardavdx

du

dx

du

+Sardyvn de Sardyv U -Sandydvd +da +d };2

dz2



11

the accents over the quantities indicating, as usual, the values of those quantities at the

limits of the integral,which in the present case are onthe surface ofthe body, over whose

interior the triple integrals are supposed to extend.
du

dx
Let us now considerthe partSaydz " due to the greater values of x. It is easy to

see since du is every where perpendicular to the surface of the solid, that if do" be the

element of this surface corresponding to dydz, we shall have

dydz= -

du

dæ

dw
do",

dx

doll

dwSaydzV =-Sao d

and hence by substitution

In like manner it is seen, that in the partS

we shall have dydz = +

dx

dro
dd, and consequently

dydzVi

du'

dx

du

de

due to the smaller values of x,

do.

dx

-SaydzVdU = -Sao da ddx

du

V

de

Then, since the sum ofthe elements represented by do, together with those represented

by do", constitute the whole surface of the body, we have by adding these two parts

Saydz(VUV )= -Sdov :dx

dæ du

dw

where the integral relative to do is supposed to extend over the whole surface, and dr to

be the increment ofa corresponding to the increment dw.

In precisely the sameway we have

du dU

Sardz (vd -vd )= -Sdov ,
V

V"

dU"

dz

V'

γι

du'

dz

dU

dw

dz du

do V

dw dz ;andSardy(vd -- )= -Sao ;

therefore, the sum ofall the double integrals inthe expression before given will be ob

tained by adding together the three partsjust found; we shall thus have

where Vand

du

-Saov
dU dr du dy+dy

+

de dw
dy dr

dU

dude}= -Sdovdu;
dU dz

dz dw

de representthe values at the surface ofthe body. Hence, the integral

Sardydz

dV du dV du dV du

+ +

dx dx dy dy dz dz

byusing the characteristic in order to abridge the expression, becomes

-Saovdu-SazdydzV8U.
doV

dw
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:

:

:

:

Since the value of the integral just given remains unchanged whenwe substitute Vin

the place of Uand reciprocally, it is clear, that it will also be expressed by

dV

dw-Saou -SandydzUov.

Hence, if we equate these two expressions of the same quantity, after having changed

their signs, we shall have

du

Saovo+SandydzV&U=SdU +SazdydzUsv. (2)

Thus the theorem appears to be completely established, whatever may be the form of the

functions Uand V.

In our enunciation of the theorem, we have supposed the differentials of U and Vto be

finite within the body under consideration, a condition, the necessity of which does not

appear.explicitly in the demonstation, but, which is understood in the method of integra-

tion by parts there employed.

T

In order to show more clearly the necessity of this condition, we will now determine

the modification which the formula must undergo, when one of the functions, U for

example, becomes infinite within the body; and let us suppose it to do so in one point

p' only: moreover, infinitely near this point let Ube sensibly equal to ; r being the

distance between the pointp' and the element dxdydz. Then if we suppose an infinitely

small sphere whose radius is a to be described round p', it is clear that our theorem is

applicable to the whole of the body exterior to this sphere, and since, &U= 8= = 01 within

the sphere, it is evident, the triple integrals may still be supposed to extend over the

whole body, as the greatest error that this supposition can induce, is a quantity of the

order a* . Moreover, the part of doua, due to the surface of the small sphere is only

an infinitely small quantity ofthe order a; there only remains therefore to consider, the

part ofSdov

-1

dU

dV

dw
due to this same surface, which, since we have here

-1

becomes
a

,

du

dw

=

du d

=

dr dr

when the radius a is supposed to vanish. Thus, the equation (2) becomes

SardydzU8V+SouV=Sdxdydav8U+Sdov -4w ";4πν";
• (3)

where, as in the former equation, the triple integrals extend over the whole volume of

the body, and those relative to do, over its exterior surface : V' being the value of Vat

the point p'.

1

In like manner, if the function be such, that it becomes infinite for any point p" within

the body, and is moreover, sensibly equal to 4, infinitely near this point, as Uis infinitely

near to the pointp', it is evident fromwhat has preceded thatwe shall have
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4π

SandydzU8V+Sdou -4U=SdzdydzVU+Sdov -4»V';dw

.. (3')

the integrals being taken as before, and U" representing the value of U, at the point p"

where becomes infinite. The same proeess will evidently apply, however great may be

the number ofsimilar points belonging to the functions Uand V.

For abridgment, we shall inwhat follows, call those singular values ofagiven function,

where its differential co-efficients become infinite, and the condition originally imposed

upon Uand will be expressed by saying, that neither of them has any singular values

within the solid body under consideration.

(4.) We will now proceed to determine some relations existing between the density of

the electric fluid at the surface of a body, and the potential functions thence arising, within

and without this surface. For this, let pdo be the quantity of electricity on an element do

of the surface, andV, the value of the potential function for any pointp within it, ofwhich

the co-ordinates arex,y, z. Then, if I be the value of this function for any other point

p' exterior to this surface, we shall have

V= ρασ

√( x) +(n-y)²+(5-2) ;

, η, ζ, being the co-ordinates of do, and

V=

ρασ

√( x) +(n-y') +( -2)*

:

the integrals relative to do extending over the whole surface of the body.

It might appear at first view, that to obtain the value of V' from that ofV, we should

merelyhave to change x, y, z, into x', y', &' : but, this is byno means the case; for, the

form ofthe potential function changes suddenly, inpassing from the space within to that

without the surface. Of this, we may give avery simple example,by supposing the sur-

face to be a sphere whose radius is a and centre at the origin ofthe co-ordinates ; then, if

the density e be constant, we shall have

V=4πρα and V'=

which are essentially distinct functions.

Απα

√x +y2+ 2 ;

With respect to the functions and V' in the general case, it is clear that each of

them will satisfy LAPLACE's equation, and consequently

08 and 08 :

moreover, neither ofthem will have singular values; for any point ofthe spaces to which

they respectively belong, and at the surface itself, we shall have

V-V

thehorizontal lines over the quantities indicating that they belong to the surface. At an

infinite distance from this surface, we shall likewise have

V'= 0.

E
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Wewill now show, that ifany two functions whatever are taken, satisfying these con-

ditions, it will always be in our power to assign one, and only one value of e, which will

produce them for corresponding potential functions. For this wemay remark, that the

equation (3) art. 3being applied to the space within the body,becomes,by making U=-,

1

since U=-, has but

S ( )=Sdov( )-4V;dw

1

1

one singular point, viz. p; and, we have also &V=0 and 8-= 0 : rbe-

ing the distance between the point p to which belongs, and the element do.

r

Ifnow, we conceive a surface inclosing the body at an infinite distance from it, we shall

have, by applying the formula (2) ofthe same article to the space between the surface of
1

thebodyandthis imaginary exterior surface (seeing that here-= U has no singular value)

S ( )=Sdov( ):dw

V

dw

r

since the part due to the infinite surface may be neglected, because I is there equal to

zero. Inthis last equation, it is evident that dw' is measured from the surface, into the

exterior space, and hence

d d

dw( ) ( ) . e.0 = ( ) + ( );
i.

dw

which equation reduces the sum ofthe twojust given to

do

r {( )+( )}= -4dw

dw'

In exactly the same way, for the pointp' exterior to the surface, we shall obtain

do dV

{( )+ ( )}= -47dw dw'

Hence it appears, that there exists a value of p, viz. p = { ( ) + ( ) }, which

will give Vand V', for the two potential functions, within and without the surface.

Again,
-

dV

-( )do

=

force with which a particle ofpositive electricityp, placed within the

surface and infinitely near it, is impelled in the direction du perpendicular to this surface,

and directed inwards; and expresses the force with which a similar particle p'
-

dV

dw

placed without this surface, on the same normal with p, and also infinitely near it, is im-

pelled outwards in the direction of this normal: but the sum of these two forces is equal

to double the force that an infinite plane would exert upon p, supposing it uniformly

covered with electricity of the same density as at the foot of the normal on which pis ;

and this last force is easily shown to be expressed by 2p, hence by equating
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4πρ=-- { +dw

dvi

dw'},
.... (4)

and consequently there is only one value of P, which can produce V and ' as corre-

sponding potential functions .

Although in what precedes, we have considered the surface of one body only, the same

arguments apply, how great soever may be their number; for the potential functions V

and V' would still be given by the formulæ

v=Spdoand v =Sode;r

the only difference would be, that the integrations must now extend over the surface of

all the bodies, and, that the number of functions represented by V, would be equal to the

number of the bodies, one for each. In this case, if there were given a value of Vfor

each body, together with ' belonging to the exterior space ; and moreover, if these

functions satisfied to the above mentioned conditions, it would always be possible to deter-

mine the density on the surface of each body, so as to produce these values as potential

functions, and there would be but one density, viz. that given by

dv

which could do so : p, and

bodies.

dw

dv

0=4πρ+
dw

V

+

dw

• (4')

dutbelonging to a point on the surface of any of these

(5.) From what has been before established (art. 3), it is easy to prove, that when the

value of the potential function is given on any closed surface, there is but one func-

tion which can satisfy at the same time the equation

0= 8V,

and the condition, that shall have no singular values within this surface. For the

equation (3) art. 3, becomes by supposing &U= 0,

dou

dv

dw

du

dw

-ΑπV .

1

In this equation, Uis supposed to have only one singular value within the surface, viz. at

the point p', and, infinitely near to this point, to be sensibly equal to ; being the dis-

tance from p' . If now we had a value of U, which, besides satisfying the above written

conditions, was equal to zero at the surface itself, we should have U= 0, and this equation
would become

--4V',
dw

• (5)

which shows, that the value ofVat the point p' is given, when its value at the sur-

face is known.
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To convince ourselves that there does exist such a function as we have supposed Uto

be; conceive the surface to be a perfect conductor put in communication with the earth,

and a unit of positive electricity to be concentrated inthe pointp', then the total potential

function arising fromp', and from the electricity it will induce upon the surface, will be

the required value of U. For, in consequence ofthe communication established between

the conducting surface and the earth, the total potential function at this surface must be

constant, and equal to that of the earth itself, i. e. to zero (seeing that in this state they

formbut one conducting body). Taking, therefore, this total potential function forU, we

have evidently 0=U, 0= 8U, and U= - for those parts infinitely near to p'. As more-

over, this function has no other singular points within the surface, it evidently possesses

all the properties assigned to Uin the preceding proof.

1

Again, since we have evidently U'=0, for all the space exterior to the surface, the equa-

tion (4) art. 4 gives

0=4m(p)+

du

dw

where (p) is the density of the electricity induced on the surface, by the action of a unit of

electricity concentrated in the pointp'. Thus, the equation (5) ofthis article becomes

V'=-Sdo(p)V.
. (6)

This equation is remarkable on account ofits simplicity and singularity, seeing that it

gives the value of the potential for any point p', within the surface, when I, its value at

the surface itself is known, together with (p), the density that aunit ofelectricity concen-

trated inp' would induce on this surface, if it conducted electricity perfectly, and were put

in communication with the earth.

Having thus proved, that V' the value of the potential functionV, at any pointp' within

the surface is given, provided its value is known at this surface, we will now show,

that whatever the value of may be, the general value ofVdeduced from itby the formula

just given shall satisfy the equation

08 .

For, the value of Vat any pointpwhose co-ordinates are x,y, z, deduced from the assumed

value ofV, by the above written formula, is

4πν

dU

4.V=Sdov(du),dw

Ubeing the total potential function within the surface, arising from a unit of electricity

concentrated in the point p, and the electricity induced on the surface itselfby its action.

Then, since is evidently independent ofx,y, z, we immediately deduce

dU

Now the general value of Uwill dependupon the position of the point p producing it,

and upon that ofany other pointp' whose co-ordinates are x ,y , z', to which it is referred,

and will consequently be a function of the six quantities x,y, z, x ,y , z . But we may
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1

r

conceive U to be divided into two parts, one = (r being the distance pp') arising from

the electricity inp, the other, due to the electricity induced on the surface by the action

ofp, and which we shall call U,. Then since U, has no singular values within the surface,

wemay deduce its general value from that at the surface, by a formula similar to the one

just given. Thus

4U,=Sdou,(d );4U₁=

where U' is the total potential function, which would be produced by aunit of electricity

in p', and therefore, (

dU

dur
is independent ofthe co-ordinates x,y, z, ofp, to which & refers.

Hence

Απδυ,=480,=fde( ) .

We have before supposed
1

U= +U,,
r

1

and as a = 0, we inmediately obtain

UU .

1

Again, since we have at the surface itself 0===+U; being the distance between p

and the element do, we hence deduce

0=0 ;

T

this substituted in the general value of su, before given, there arises 80,=0, and conse-

quently 0= 8U. The result just obtained being general, and applicable to any point

p" within the surface, gives immediately

0= ( ),

and we have by substituting in the equation determining V

08 .

In apreceding part of this article, we have obtained the equation

0= 4 (p) + ( ),

which combined with 0-80= (d), gives
do

08(ρ),

and therefore the density (p) induced on any element do, which is evidently a function of

the co-ordinates x, y, z, ofp, is also such a function as will satisfy the equation 0-8(p) : it

is moreover evident, that (p) can never become infinite whenp is within the surface.

F
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Itnowremains to prove, that the formula

1

4π.v= Sdov( )= -Sde(p)V

shall always give V=V, for any point within the surface and infinitely near it, whatever

may be the assumed value of P.

For this, suppose the pointp to approach infinitely near the surface, thenitis clear that

the value of (p), the density ofthe electricity induced by p, will be insensible, except for

those parts infinitely near to p, and in these parts it is easy to see, that the value of (p)

will be independant of the form ofthe surface, and depend only on the distance p,do. But,

we shall afterwards show (art. 10), that when this surface is asphere of any radius what-

ever, the value of (p) is

(ρ)=
2.3

a being the shortest distance between p and the surface, andf representing the distance

p,do. This expression will give an idea of the rapidity withwhich (p) decreases, in passing

fromthe infinitely small portion ofthe surface inthe immediate vicinity ofp, to any other

part situate at a finite distance from it, andwhen substituted in the above written value of

V, gives, by supposing a to vanish,

v=v.

It is also evident, that the function V, determined by the above written formula, will have

no singular values within the surface under consideration.

Whatwas before proved, for the space within anyclosed surface,may likewisebe shown

to hold good, for that exterior to a number of closed surfaces, of any forms whatever, pro-

vided we introduce the condition, that V' shall be equal to zero at an infinite distance from

these surfaces. For, conceive a surface at an infinite distance from those under consider-

ation ; then, whatwehave before said,maybe applied to the whole space within the infinite

surface and exterior to the others; consequently

4πV=

JU

.. • (5')

where the sign ofintegrationmust extend over allthe surfaces,(seeing that the part due

to the infinite surface is destroyed by the condition, that V' is there equal to zero) anddw

must evidently be measured from the surfaces, into the exterior space to which V' now

belongs.

The form ofthe equation (6) remains also unaltered, and

V'=-f(p)dov' ;
• (6')

the sign of integration extending over all the surfaces, and (p)being the density of the

electricity which would be induced on each ofthe bodies, in presence of each other, sup-

posing they all communicated with the earth by means of infinitely thin conducting wires.

(6.) LetnowA be any closed surface, conducting electricity perfectly, and pa point

within it, in which agiven quantity ofelectricity Q is concentrated, and suppose this to
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induce an electrical state inA; then will V, the value of the potential function arising

from the surface only, at any other pointp', also within it, be such afunction of the co-

ordinates p andp', that we may change the co-ordinates ofp, into those ofp',and recipro-

cally, without altering its value. Or, in other words, the value of the potential function

atp', due to the surface alone, when the inducing electricity Q is concentrated in p, is

equal to that whichwouldhave place atp, ifthe same electricity Qwere concentrated inp'.

For, inconsequence ofthe equilibrium at the surface, we have evidently, in the first

case, when the inducing electricity is concentrated in p,

F

+V=3;

being the distance between p and do' an element of the surfaceA, and ẞ a constant

quantity dependant upon the quantity of electricity originally placed onA. Now the

value of Vatp' is

V=-f(p)dov,

by what has been shown (art. 5); (p') being, as in that article, the density ofthe electricity

which would be induced on the element do' by a unit of electricity inp', if the surfaceA

wereput in communication with the earth. This equation gives

since

8V=-f(p') do =0 ;

=-- =0 : the symbol d referring to the co-ordinates x,y,z, of p. Butwe

know that 0=8 ; where & refers in a similar way to the co-ordinates x,y,z , of p' only.

Hence we have simultaneously

0=8V;0 and

where it must be remarked, that the function has no singular values, provided the points

p andp' are both situate within the surface A. This being the case the first equation

evidently gives (art. 5)

v=-f(p)dov;

being what Iwould become, if the inducing point p were carried to do, p' remaining

fixed. Where is a function ofx ,y , z , and 5, 7, ४, the co-ordinates of do, whereas (p) is

a function of x, y, z, 5, 7, 8, independent ofx,y, x'; hence by the second equation

0==-f(p)dod ,

which could not hold generally whatever might be the situation ofp, unless wehad

0=8V;

where we must be cautious, not to confound the present value ofV,with that employed at

the beginning of this article in proving the equation 0= , which last, having performed

its office, will be no longer employed.

The equation 0= gives in the sameway

7=-f(p)ddV ;
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being what becomes by bringing the point p' to any otherelement do' ofthe surface

A. This substituted for V, in the expression before given,there arises

V= +ff(e)(p')dodoi :

inwhich double integral, the signs of integration, relative to each ofthe independent ele-

ments do and do', must extend over the whole surface.

Ifnow, we represent by V, the value of the potential function at parising from the

surfaceA, when the electricity Q is concentrated inp', we shall evidently have

T

[ =+f(p')(e)do'dot',
T

where the order of integrations alone is changed, the limits remaining unaltered : V, being

whatV, would become,by first bringing the electrical point p' to the surface, and afterward

the pointp towhichV,belongs. This being done, it is clear that ' andV, represent but

one and the same quantity, seeing that each of them serves to express the value of the

potential function, at anypoint ofthe surfaceA, arising from the surface itself, when the

electricity is induced upon it by the action of an electrified point, situate in any other point

ofthe same surface, andhence we have evidently

V=V ,

as was asserted at the commencement of this article.

It is evident from art.5, that our preceding arguments will be equally applicable to the

space exterior to the surfaces of any number of conducting bodies, provided we introduce

the condition, that the potential functionV, belonging to this space, shall be equal to zero,

when either p orp' shall remove to an infinite distance from these bodies, which condition

will evidently be satisfied, provided all the bodies are originally in anatural state. Sup-

posing this therefore to be the case, we see that the potential function belonging to any

pointp' of the exterior space, arising from the electricity induced on the surfaces of any

number of conducting bodies, by an electrified point inp, is equal to that which would

have place at p, if the electrified point were removed top'.

What has beenjust advanced,being perfectly independant of the numberand magnitude

ofthe conducting bodies,may be applied to the case of an infinite number of particles, in

each ofwhich the fluid may move freely, but which are so constituted that it cannot pass

from one to another. This is what is always supposed to take place in the theory ofmag-

netism, and the present article will be found of great use to us when in the sequel we

come to treat of that theory.

(7.) These things being established with respect to electrified surfaces; the general

theory of the relations between the density of the electric fluid and the corresponding

potential functions, when the electricity is disseminated through the interior of solid bodies

as well as over their surfaces, will very readily flow from what has been proved (art. 1).

For this let V' represent the value ofthe potential function at a pointp', within a solid

body of any form, arising from the whole ofthe electric fluid contained in it, and e' be the
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density of the electricity in its interior; p' being a function of the three rectangular co-

ordinates x, y, z : then if be the density at the surface ofthe body, we shall have

v =Sdædydap' +Sdap ;r'

r being the distance between the point p' whose co-ordinates are x , y , z', and that whose

co-ordinates are x,y, z, to which p' belongs, alsor the distance between p' and do, anele-

ment of the surface of the body: V' being evidently a function of a',y',&'. If now Vbe

what V' becomes by changing a',y', z', into x, y, z, it is clear from art. 1, that p' will be

given by

0:0=4πρ'+δν.

Substituting for e', the value which results from this equation, in that immediately pre-

ceding we obtain

V'
ρασ

v = -Sdzdydav+ pdo

which, by means ofthe equation (3) art. 3, becomes

1

doV

d-

r

do dV

dwS = {So ( ) ( ) };dw r

the horizontal lines over the quantities, indicating that they belong to the surface itself.

Suppose V, to be the value of the potential function in the space exterior to the body,

which, by art. 5, will depend on the value of Vat the surface only; and the equation (2)

art. 3, applied to this exterior space, will give since V₁=0 and =0,

Saop( )=Sdov( )=f ( );dw' dw'

where dw' is measured from the surface into the exterior space to which V, belongs, as dw

is, into the interior space. Consequently dw =-dw', and therefore

d

do

Stop( )= -Stop( )= -∫ ( ).dw dw' dw'

Hence the equation determining a becomes, by substituting fordo (a) its value just

given,

S = {( )+( )},

an equation which could not subsist generally, unless

-1

p= { + }.dw

..

(7)

Thus the whole difficulty is reduced to finding the value V, of the potential function ex-

terior to the body.
G
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Although wehave considered only one body, it is clear that the same theory is appli-

cable to any number of bodies, and that the values of p and e' will be given by precisely

the same formulæ, however great that number may be : V, being the exterior potential

function common to all the bodies .

In case the bodies under consideration are all perfect conductors, we have seen (art. 1),

that the whole of the electricity will be carried to their surfaces, and therefore there is here

no place for the application ofthe theory contained in this article ; but as there are proba-

bly no perfectly conducting bodies in nature, this theory becomes indispensably necessary,

ifwe would investigate the electrical phenomena in all their generality.

Having in this, and the preceding articles, laid down the most general principles of the

electrical theory, we shall in what follows apply these principles to more special cases ;

and the necessity of confining this Essay within a moderate extent, will compel us to limit

ourselves to a briefexamination ofthe more interesting phenomena.

APPLICATION OF THE PRECEDING RESULTS TO THE

THEORY OF ELECTRICITY.

(8.) THE first application we shall make of the foregoing principles, will be to the

theory of the Leyden phial. For this,we will call the inner surface of the phialA, and

suppose it to be ofany form whatever, plane or curved, then, Bbeing its outer surface,

and the thickness ofthe glass measured along a normal toA; o will be a very small

quantity, which, for greater generality, we will suppose to vary in any way, in passing

from one point ofthe surfaceA to another. Ifnow the inner coating of the phial be put

in communication with a conductor C, chargedwith any quantity of electricity, and the

outer one be also made to communicate with another conducting body C', containing any

other quantity of electricity, it is evident, in consequence of the communications here

established, that the total potential function, arising from the whole system, will be con-

stant throughout the interior of the inner metallic coating, and of the body C. We shall

here represent this constant quantity by

β.

Moreover, the same potential function within the substance of the outer coating, and in

the interior of the conductorC', will be equal to another constant quantity

β'.

Then designating by V, the value ofthis function, for the whole of the space exterior to



23

the conducting bodies ofthe system, and consequently for that within the substance of

theglass itself; we shallhave (art. 4)

V= B and B' :=

One horizontal line over any quantity, indicating that it belongs to the inner surfaceA;

and two showing that it belongs to the outer oneB.

At any point ofthe surfaceA, suppose anormal to it to be drawn, and let this be the

axes of w: thenw,w",being two other rectangular axes, which are necessarily intheplane

tangent to A at this point; Vmay be considered as a function ofw, w' and w", andwe

shall have by TAYLOR's theorem, since w=0 and w=0 at the axis of along which o is

measured,

+ +etc.;
dw

1

dw
1.2

where, on account ofthe smallness ofe, the series converges very rapidly. By writing in

the above, for and their values just given, we obtain

de

β-β=

d2

+ etc.

dw
1.2

Inthe same way, if be a normal toB, directed towardsA, and e, be the thickness of

theglass measured along this normal, we shall have

β-β=

de

+ etc.
1 1.2

But, if we neglect quantities of the order o, compared with those retained, the following

equation will evidently hold good,

do =(-1)" ;

nbeing any whole positive number, the factor (-1)" being introduced because and are

measured in opposite directions. Now by article 4

=

-4xp= and-4πρ=
d

and being the densities ofthe electric fluid at the surfacesAandBrespectively. Per-

mitting ourselves, inwhat follows, to neglect quantities of the order es compared with

those retained, it is clear that we maywrite for o,, and hence by substitution

β-β=-4πρ0+

β-β'--Απρθ+

1

d02

du
108

dv 02

dw 102;

where Vand pare quantities of the orders ands being the order 6º or unity. The
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only thing which now remains to be determined, is the value of

surfaceA.

dV

dw?
2

for any point on the

Throughout the substance ofthe glass, the potential function will satisfy the equation

0=8V, and therefore at a point on the surface ofA, where of necessity, w, w', and w", are

each equal to zero, we have

0=

dvdV dv

+ +
dw2 dwdw'

= V;

the horizontal mark over w, w' and w" being, for simplicity, omitted. Then since w'=0,

dV

dots=( -2V +Vedu) : dw' ,2

and as Vis constant and equal to ẞ at the surfaceA, there hence arises

dvdw

V.=β; V =B+
1

dw2R, Vadu=B+

dVdV 4dw'

dw 2R
;

Rbeing the radius of curvature ofthe surfaceA, in the plane (w, w') . Substituting these

values in the expression immediately preceding, we get

de 1 av

dwRdw

-Απρ

R •

In precisely the same way we obtain, by writing R' for the radius of curvature in the

plane (w,w"),

-Απρ-:de

dwll R'

both rays being accounted positive on the side where w, i. e. w is negative. These values

substituted in 0= , there results

d 1

= 4 ( + )

dy

for the required value of
dwr
→ and thus the sum ofthe two equations into which it enters,

yields

{1+ ( + ) }=-=

and the difference ofthe same equations, gives

R'

β-β2π(ρ- ,

therefore the required values ofthe densities and are
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7

R= {1 + ( + )} )

= { ( + )} *
β' β

4πθ

1-

10

2 R

1
... (8)

which values are correct to quantities of the order op, or, which is the same thing, to

quantities of the order ; these having been neglected in the latter part of the preceding

analysis, as unworthy of notice.

Suppose do is an element ofthe surfaceA, the corresponding element ofB, cut off by

normals toA, will be do 1+ 01do { 1 + 0( + ) } , and therefore the quantity of fluid on this last

element will be do

1 + 0 (1+ 元) } ;R R'
; substituting for its value before found,

- {1-0 ( + )}, and neglecting op,we obtainR

-pdo,

P

the same quantity as on the element do of the first surface. If therefore, we conceive any

portion of the surfaceA, bounded by a closed curve, and a corresponding portion of the

surfaceB, which would be cut off by a normal toA, passing completely round this curve ;

the sum ofthe two quantities of electric fluid, on these corresponding portions, will be

equal to zero; and consequently, in an electrical jar any how charged, the total quantity

of electricity in thejarmaybe found, by calculating the quantity, on the two exterior sur-

faces ofthe metallic coatings farthest from the glass, as the portions of electricity, on the

two surfaces adjacent to the glass, exactly neutralise each other. This result will appear

singular, when we consider the immense quantity of fluid collected on these last surfaces,

and moreover, it would not be difficult to verify it by experiment.

As a particular example ofthe use ofthis general theory : suppose a spherical conductor

whose radius a, to communicate with the inside of an electrical jar, by means of a long

slender wire, the outside being in communication with the common reservoir; and let the

whole be charged: thenPrepresenting the density ofthe electricity on the surface of the

conductor, which will be very nearly constant, the value ofthe potential function within

the sphere, and, in consequence ofthe communication established, at the inner coatingA

also, will be 4wap verynearly, since we may, without sensible error, neglect the action of

the wire andjar itfelf in calculating it. Hence

β=Απαρ and β'=0,

and the equations (8), by neglecting quantities of the order 6, give

=

P.

β

== ==- .

4π0

-P and p =

We thus obtain, by the most simple calculation, the values ofthe densities, at any point on

either of the surfacesAandB, next the glass, when that on the spherical conductor is

known.

H
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The theory of the condenser, electrophorous,&c. depends upon whathas been proved

in this article; but these are details into which the limits of this Essay will not permit me

to enter; there is, however, one result, relative to charging a number ofjars by cascade,

that appears worthy ofnotice, and which flows so readily from the equations (8), that I

cannot refrain from introducing it here.

Conceive any number of equal and similar insulated Leyden phials, of uniform thick-

ness, so disposed, that the exterior coating of the first, may communicate with the interior

one of the second; the exterior one ofthe second, with the interior one of the third; and

so on throughout the whole series, to the exterior surface of the last, which we will sup-

poseincommunication with the earth. Then, ifthe interior of the first phial, be made to

communicate with the prime conductor of an electrical machine, in a state of action, all

the phials will receive a certain charge, and this mode of operating is called charging by

cascade. Permitting ourselves to neglect the small quantities of free fluid on the exterior

surfaces of the metallic coatings, and other quantities of the same order, we may readily

determine the electrical state of each phial in the series: for thus, the equations (8) become

P=

β-β'

4πθ
و

=

=d β-β

4πθ

Designating now, by an index at the foot ofany letter, the number of the phial towhich

it belongs, so that, pimay belong to the first, p, to the second phial, and so on; we shall

have, by supposing theirwhole number to be n, since is the same for every one,

P1=

βιβ

4πθ

-

P

etc.

ββ

4πθ

PB-B
Απθ

=

β΄βι

P1

Απθ

=

P2=

4πθ

etc.

Pn

ββ

4πθ

Now ẞ represents the value of the total potential function, within the prime conductor

and interior coating ofthe first phial, and in consequence of the communications estab-

lished in this system, we have in regular succession, beginning withthe prime conductor,

and ending with the exterior surface of the last phial, which communicates with the earth,

β-βι; βίβ ; ββ etc. •
•

=

0=P1+ P2 ; 0=P2+Pa; etc.

βιβη; β=0

0=Pn1 +P

=

But the first system ofequations gives 0=p.+ P., whatever whole number s may be, and

the second line ofthat just exhibited is expressedbyopp , hence by comparing these two

last equations

P.-P. ,

which shows that every phial of the system is equally charged. Moreover, if we sum up

vertically, each ofthe columns ofthe first system, there will arise in virtue ofthe second
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P1+Pat P3 . • + P =

β

4πθ

=

PatPatPa + P

-β

4πθ

We therefore see, that the total charge of all the phials is precisely the same, as that

which one only would receive, ifplaced in communication with the same conductor, pro-

vided its exterior coating were connected with the earth. Hence this mode of charging,

although it may save time, will never produce a greater accumulation of fluid, thanwould

take place, if one phial only were employed.

(9.) Conceive now, a hollow shell of perfectly conducting matter, of any form and

thickness whatever, to be acted upon by any electrified bodies, situate without it ; and

suppose them to induce an electrical state in the shell; then will this induced state be

such, that the total action on an electrified particle, placed any where within it, will be

absolutely null.

For let Vrepresent the value of the total potential function, at any point p within the

shell, then we shall have at its inner surface, which is a closed one,

V=β;

ẞ being the constant quantity, which expresses the value of the potential function, within

the substance of the shell, where the electricity is, by the supposition, in equilibrium, in

virtue of the actions ofthe exterior bodies, combined with that arising from the electricity

induced in the shell itself. Moreover, Vevidently satisfies the equation 0=8V, and has

no singular value within the closed surface to which it belongs: it follows therefore, froin

art. 5, that its general value is

ναβ,

and as the forces acting uponp, are given by the differentials of V, these forces are evi-

dently all equal to zero.

If, onthe contrary, the electrified bodies are all within the shell, and its exterior surface

is put in communication with the earth, it is equally easy to prove, that there will not be

the slightest action on any electrified point exterior to it; but, the action of the electricity

induced on its inner surface, by the electrified bodies within it, will exactly balance the

direct action of the bodies themselves. Or more generally:

Suppose we have a hollow, and perfectly conducting shell, bounded by any two closed

surfaces, and a number of electrical bodies are placed, some within and some with-

out it, at will ; then, ifthe inner surface and interior bodies be called the interior system ;

also, the outer surface and exterior bodies the exterior system; all the electrical pheno-

mena ofthe interior system, relative to attractions, repulsions, and densities, will be the

same as would take place if there were no exterior system, and the inner surface were a

perfect conductor, put in communication with the earth; and all those of the exterior

system will be the same, as if the interior one did not exist, and the outer surface were a

perfect conductor, containing a quantity of electricity, equal to the whole of that originally

contained in the shell itself, and in all the interior bodies.
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This is so direct a consequence ofwhat has been shown in articles 4 and 5, that a formal

demonstration would be quite superfluous, as it is easy to see, the only difference which

could exist, relative to the interior system, between the case where there is an exterior

system, and where there is not one, would be in the addition ofaconstant quantity, to the

total potential function within the exterior surface, which constant quantity must neces-

sarily disappear in the differentials of this function, and consequently, in the values of the

attractions, repulsions, and densities, which all depend on these differentials alone. In the

exterior system there is not even this difference, but the total potential function exterior

to the inner surface is precisely the same,whether we suppose the interior system to exist
or not.

(10.) The consideration of the electrical phenomena, which arise from spheres vari-

ously arranged, is rather interesting, on account of the ease with which all the results

obtained from theory, may be put to the test ofexperiment; but,the complete solution of

the simple case of two spheres only, previously electrified, and put in presence of each

other, requires the aid of a profound analysis, and has been most ably treated by M. POIS-

SON (Mem. de l'Institut. 1811). Our object, in the present article, is merely to give one

or two examples of determinations, relative to the distribution of electricity on spheres,

which may be expressed by very simple formula.

Suppose a spherical surface whose radius is a, to be covered with electric matter, and

let its variable density be represented by p; then if, as in the Mec. Celeste, we expand the

potential functionV, belonging to a pointp within the sphere, in the form

T
3

V=U®)+U()_+ _++++ etc.;
a

r being the distance betweenp and the centre ofthe sphere, and Uº) , U(1), etc. functions

ofthe two other polar co-ordinates ofp, it is clear, by what has been shown in the admir-

able work just mentioned, that the potential function V', arising from the same spherical

surface, and belonging to a pointp', exterior to this surface, at the distance r' from its

centre, and on the radius r produced, will be

V =U +U +U ). + etc.

If, therefore, we make V=$(r), and (r), the two functions & and y will satisfy the

equation

But (art. 4)

(1)= $ ( ) or (r)=÷ (÷).

Amp_dvd + = (a)- (α),
dw dun' dr

and the equation between 6 and4, in its first form, gives, by differentiation,

(1)= $( ) ( ).r
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Making now r=a there arises

Φ(α)

'(α)=-- (a);
a

' and ' being the characteristics ofthe differential co-efficients of and y, according to

LAGRANGE's notation.

In the samewaythe equation in its second form yields

$'(a)=- (α) (α) .
a

These substituted successively, in the equation by which is determined, we have the

following

Φ(α)

Απρ=2¢' (α) + ( =2+
a

4πρ=-2 ' (α)– Ψα)=-2-

a

a

Vi

dr' a

.... (9)

If, therefore, the value ofthe potential function be known, either for the space within the

surface, or, for that without it, the value ofthe density p will be immediately given, by one

or other of these equations.

From what has preceded,we may readily determine how the electric fluid will distribute

itself, in a conducting sphere whose radius is a, when acted upon by any bodies situate

without it ; the electrical state of these bodies being given. In this case, we have imme-

diately the value ofthe potential function arising fromthem. Let this value, foranypoint

p within the sphere, be represented by A; Abeing a function of the radius r, and two

other polar co-ordinates. Then the whole ofthe electricity will be carried to the surface

(art. 1), and if be the potential function arising from this electrified surface, for the same

point p, we shall have, in virtue ofthe equilibrium within the sphere,

V+A=ẞ or V= B-A ;

ẞbeing a constant quantity. This value of being substituted inthe first ofthe equations

(9), there results

A

4mp = -2 프+4πρ
dr

β

the horizontal lines indicating, as before, that the quantities under them belong to the

surface itself.

In case the sphere communicates with the earth, ẞ is evidently equal to zero, and pis

completely determined by the above: but ifthe sphere is insulated, and contains anyquan-

tity Q of electricity, the value ofa may be ascertained as follows: Let V' be the value of

the potential function without the surface, corresponding to the value V=B-A within it ;

then, by what precedes

β

V= A';

A' being determined fromAby the following equations:

I
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A=Φ, (4), 4 (1)= (+), A= (۲),

and r', being the radius corresponding to the point p', exterior to the sphere, to whichA'

belongs. When r' is infinite, we have evidently . Therefore by equating
r

-A or B= Q+ r'A';

r' being made infinite. Having thus the value ofẞ, the value ofP becomes known.

To give an example ofthe application of the second equation in p; let us suppose a

spherical conducting surface, whose radius is a, in communication with the earth, to be

acted upon by any bodies situate within it, andB' to be the value ofthe potential function

arising from them, for a point p' exterior to it. The total potential function, arising from

the interior bodies andsurface itself, will evidently be equal to zero at this surface, and

consequently (art. 5), at any point exterior to it. Hence V'+B'=0 ; V' being due to

the surface. Thus the second of the equations (9) becomes

Απρ= 2dB+ Β.
B

dr' a

We are therefore able, by means of this very simple equation, to determine the density

ofthe electricity induced on the surface in question.

Suppose now, all the interior bodies to reduce themselves to a single pointP, in which

aunit of electricity is concentrated, andfto be the distance Pp': the potential function

arising from Pwill be and hence
1

1

B= ;

12

r' being, as before, the distance between p' and the centre O of the shell. Let now b

represent the distance OP, and o the angle Pop', then willf²-b²-2br '. cos otr². From

which equation we deduce successively,

r-b dB'

(- ) = cos , and 2- (a )=-2 + 2b.cos.dr dr f

Making r =a in this, and inthe value ofB' before given, in order to obtain those which

belong to the surface, there results

2dB+B2-

dr a

-2a²+2ab.cos.6+f

af

b-a

6**
af3

This substituted in the general equation written above, there arises

6-2

4waf3

IfP is supposed to approach infinitely near to the surface, so that b=a-a; a being an

infinitely small quantity, this wouldbecome
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P=

2f3

Inthe sameway, by the aid ofthe equation betweenAand P, the density ofthe electric

fluid, induced onthe surface of a sphere whose radius is a, when the electrified pointP is

exterior to it, is found to be

P=

a²-b²

Απαξ ;
3

supposing the sphere to communicate, by means of an infinitely fine wire, with the earth,

at so great a distance, that we might neglect the influence of the electricity induced upon

it by the action of P. If the distance ofP from the surface, be equal to an infinitely

small quantity a, we shall have in this case, as in the foregoing,

P=

20-

2π.f3

From what has preceded, we may readily deduce the general value ofV, belonging to

any point P, within the sphere, when its value at the surface is known. For (p), the

density induced upon an element do of the surface, by aunit of electricity concentrated in

P, hasjust been shown to be

δε-α

4af3

fbeing the distanceP,do. This substituted in the general equation (6), art. 5, gives

do

Απαv=-Sao(p)V= SV.
• ..

(10)

Inthe same waywe shall have,when the pointP is exterior to the sphere,

Απα

do

f

(11)

The use ofthese two equations will appear almost immediately, when we come to deter-

mine the distribution of the electric fluid, on a thin spherical shell, perforated with a small

circular orifice.

The results just given, may be readily obtained by means of LAPLACE'S much admired

analysis (Mec. Cel. Liv. 3, Ch. 2), and indeed, our general equations (9), flow very easily

from the equation (2) art. 10 of that chapter. Want of room compels me to omit these

confirmations of our analysis, and this I do the more freely, as the manner of deducing

them must immediately occur, to any one who has read this part of the Mecanique
Celeste.

Conceive now, two spheres S and S', whose radii are a and a', to communicate with

each other by means of an infinitely fine wire: it is required to determine the ratio ofthe

quantities ofelectric fluid on these spheres, when in a state of equilibrium; supposing the

distance oftheir centres to be represented by b.

The value ofthe potential function, arising from the electricity on the surface ofS, at a

pointp, placed in its centre, is
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1

Sedo = pdo =a ;

do being an element of the surface of the sphere, p the density ofthe fluid on this element,

and Q the total quantity on the sphere. If now, we represent by F', the value of the

potential function for the same pointp, arising from S', we shallhave, by adding together

bothparts,

F + ,
a

the value of the total potential function belonging top, the centre ofS. In like manner,

the value ofthis function atp', the centre ofS', will be

F+ ;

Fbeing the part arising fromS, and Q the total quantity of electricity on S'. But in

consequence of the equilibrium of the system, the total potential function throughout its

whole interior is a constant quantity. Hence

Q'

F+음=F+%.

Although it is difficult to assign the rigorous values ofFandF'; yet, when the distance

between the surfaces of the two spheres is considerable, compared with the radius ofone

ofthem, it is easy to see, that FandF' will be very nearly the same, as if the electricity

on each ofthe spheres producing them, was concentrated in their respective centres, and

therefore, we have very nearly

F= and F = .

These substituted in the above, there arises

옹+ = + ⅰ.c. ( - ) = ( - ).a

Q

Thus the ratio of Q to Q' is given by avery simple equation, whatever maybe the form

of the connecting wire, provided it be a very fine one.

Ifwe wished to put this result ofcalculation to the test of experiment, it would be more

simple to write P andP' for the mean densities of the fluid onthe spheres, or those which

would be observed when, after being connected as above, they were separated to such a

distance, as not to influence each other sensibly. Then since

wehave by substitution, etc.

Q=4wa2P and Q'=4πα'2P',

P a(b-a)

=d(b-d)P

We therefore see, that whenthe distance b between the centres ofthe spheres is verygreat,

the mean densities will be inversely as the radii; and these last remaining unchanged, the

density on the smaller sphere will decrease, and that on the larger increase in avery simple

way, by making them approach each other.
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Lastly, let us endeavour to determine the law of the distribution of the electric fluid,

when in equilibrium on a very thin spherical shell, in which there is a small circular

orifice. Then, if we neglect quantities ofthe order of the thickness of the shell, compared

with its radius, we may consider it as an infinitely thin spherical surface, of which the

greater segment Sis a perfect conductor, and the smaller one s constitutes the circular

orifice. In virtue of the equilibrium, the value of the potential function, on the conduct-

ing segment, will be equal to aconstant quantity, as F, and if there were no orifice, the

corresponding value of the density would be

F

Απα ;

abeing the radius of the spherical surface. Moreover on this supposition, the value of

the potential function for any pointP, within the surface, would be

F

4πα

F.

Let therefore, + represent the general value of the density, at any point on the sur-

face of either segment of the sphere, andF+V, that of the corresponding potential func-

tion for the point P. The value of the potential function for any point on the surface

of the sphere, will be F+V, which equated to F, its value onS, gives for the whole ofthis

segment

07.

Thus the equation (10) of this article becomes

do

v= b ;V=

Απα

the integral extending over the surface of the smaller segment s only, which, without sen-

sible error, may be considered as a plane.

But, since it is evident, that p is the density corresponding to the potential function V,

we shall have for any point on the segment s, treated as a plane,

P=

-1 d

2πdw

as it is easy to see, from what has been before shown (art. 4); dw being perpendicular to

the surface, and directed towards the centre of the sphere; the horizontal line always

serving to indicate quantities belonging to the surface. When the point P is very near

the plane s, and z is a perpendicular fromPupon s, z will be a very small quantity, of

which the square and higher powers may be neglected. Thus b=a-z, and by substitution

V=

2π

do ;
f

the integral extending over the surface of the small plane s, andfbeing, as before, the

distance P, do. Now

dV dV

at the surface of s, and

2

dw da f

d 1

da ; hence
K
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-1-1 dv -1 a

2 dw 2π dz 4πε

=

d

dz

zdo

3

1

4πε2

de

dz

do

;

F

provided we suppose z=0 at the end ofthe calculus. Now the density 4-+ p, upon the

surface of the orifice s, is equal to zero, and therefore, we have for the whole of this sur-

F

face p = Hence by substitution
Απα

-F dr

a

do

== SV;dz f

(12)

the integral extending over the whole of the plane s, of which do is an element, and z

being supposed equal to zero, after all the operations have been effected.

It now only remains to determine the value of from this equation. For this, let β

now represent the linear radius of s, andy, the distance between its centre Cand the foot

of the perpendicular z : then, ifwe conceive an infinitely thin oblate spheroid, of uniform

density, of which the circular planes constitutes the equator, the value of the potential

function at the pointP, arising from this spheroid, will be

Φ=k

do

f

2

;

" being the distance do, C, and k a constant quantity. The attraction exerted by this

spheroid, in the direction ofthe perpendicular z, will be

-

do

dz

, and by the known for-

mulæ relative to the attractions of homogeneous spheroids, we have

do

dz

=

3Mz

β3

(tan 0-0) ;

Mrepresenting the mass of the spheroid, and e being determined by the equations

2

* + y* - *) + √{ (x² + y* -B2) ² + 48*** }

β
tan 0

a

Supposing now z very small, since it is to vanish at the end of the calculus, and y Lß, in

order that the pointPmay fall within the limits ofs, we shall have by neglecting quan-

tities of the order 2ª compared with those retained

π z

θ

2 2

√B -у ,

and consequently

do -d

dz dz
- =

This expression, being differentiated again relative to z, gives

do

k 2

f
η -3M/B -y

3Μπ

z.

βα
3

283

da do

k

dz2

3Μπ

η

2β3



35

But the mass Mis given by

2

M=kdo β-η² = 2πκδηλη βε-η

2πκβ3

3

Hence by substitution

de

k

do

f
η = π

which expression is rigorously exact when

(12) of the present article, we see that if

always determined, so as to satisfy (12).

z=0. Comparing this result with the equation

= h√β -η", the constant quantity k may be

In fact, wehave only to make

-F -F

i. e.

a απ

a

X

Απαζ

f

do

dz

Having thus the value ofV, the general value of Vis known, since

V=

a²-b²

Απα

do do

2
-

-

X

Απαξ

a -b

Απαζ

3Mz

βα

d

(tan0-0)= -

a²-b²

Σπα

F (tan 0-0).

The value of the potential function, for any pointPwithin the shell, being F+V, and

that in the interior ofthe conducting matter ofthe shell being constant, in virtue of the

equilibrium, the value p' of the density, at any point on the inner surface of the shell, will

be given immediately by the general formula (4) art. 4. Thus

ρ'=

-1 dv 1 dV

Απ dw 4π λο

+F

4π'α
(tan 0-0) :

in which equation, the point Pis supposed to be upon the element do' ofthe interior sur-

face, to which p' belongs. Ifnow, Rbe the distance betweenC, the centre of the orifice,

and do', we shall have R²=y² +2*, and by neglecting quantities of the order B

with those retained, we have successively

compared
R

a=R, 0

β

R

03 β

and tan 0-0

3 3R

Thus the value of p' becomes

3

F βα

12aR

•

Inthe same way, it is easy to show from the equation (11) of this article, that p", the

value of the density onanelement do" of the exterior surface of the shell, corresponding to

the element do of the interior surface, will be

F

+P',

4πα

which, on account of the smallness of p' for every part of the surface, except very near the
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i

-, therefore

F

4πα
orifice s, is sensibly constant and equal to

ρ

=

β

3.R3

3

P

which equation shows, how very small the density within the shell is, even when the

orifice is considerable.

(11.) The determination of the electrical phenomena, which result from long metallic

wires, insulated and suspended in the atmosphere, depends upon the most simple calcula-

tions. As an example, let us conceive two spheresAandB, connected by a long slender

conducting wire ; then edxdydz representing the quantity of electricity in an element

dxdydz of the exterior space, (whether it results from the ground in the vicinity of the

wire having become slightly electrical, or from a mist, or even a passing cloud,) and r being

the distance of this element from A's centre ; also r' its distance fromB's, the value of

the potential function at As centre, arising from the whole exterior space, will be

pdædydz

r

and the value ofthe same function at B's centre, will be

pdædydz

ما

the integrals extending over all the space exterior to the conducting system under con-

sideration .

Ifnow, Qbe the total quantity ofelectricity on A's surface, and Q' that on B's, their

radii being a and a'; it is clear, the value of the potential function at As centre, arising

from the system itself, will be

a ;

seeing that, we may neglect the part due to the wire, on account of its fineness, and that

due to the other sphere, on account of its distance. In a similar way, the value of the

same function atB's centre, will be found to be

Q'

•

a

But (art. 1), the value of the total potential function must be constant throughout the

whole interior of the conducting system, and therefore, its value at the two centres must

be equal; hence

a +Sphædydz = + pdzdydza

Although e, in the present case, is exceedingly small, the integrals contained in this

equation, may not only be considerable, but very great, since they are of the second

dimension relative to space. The spheres, when at a great distance from each other, may
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therefore become highly electrical, according to the observations of experimental philoso-

phers, and the charge they will receive in any proposed case may readily be calculated;

the value of being supposed given. When one of the spheres, B for instance, is con-

nected with the ground,Q' will be equal to zero, and consequently Q immediately given.

If, on the contrary, the whole system were insulated and retained its natural quantity of

electricity, we should have, neglecting that on the wire,

and hence Q and Q' would be known.

0= Q+ Q,

If it were required, to determine the electrical state of the sphereA,when in communi-

cation with awire, ofwhich one extremity is elevated into the atmosphere, and terminates

in a fine pointp, we should only have to make the radius ofB, and consequently, Q',

vanish in the expression before given. Hence in this case

e-spdzdydz_spazdydz
r

,

r' being the distance betweenp and the element dxdydz . Since the object of the present

article, is merely to indicate the cause of some phenomena of atmospherical electricity, it

is useless to extend it to a greater length, more particularly, as the extreme difficulty of

determining correctly the electrical state of the atmosphere at any given time, precludes

the possibility ofputting this part of the theory to the test of accurate experiment.

(12.) Supposing the form ofa conducting body to be given, it is in general impossible

to assign, rigorously, the law ofthe density of the electric fluid on it ssurface in a state of

equilibrium, when not acted upon by any exterior bodies, and, at present, there has not

even been found any convenient mode of approximation applicable to this problem. It is,

however, extremely easy to give such forms to conducting bodies, that this law shall be

rigorously assignable by the most simple means . The following method, depending upon

art. 4 and 5, seems to give to these forms the greatest degree of generality of which they

are susceptible, as, by a tentative process, any form whatever might be approximated

indefinitely.

Take any continuous function V', of the rectangular co-ordinates x', y', &', of a point p',

which satisfies the partial differential equation 0= V, and vanishes whenp' is removed to

an infinite distance from the origin ofthe co-ordinates .

Choose a constant quantity b, such that V'b may be the equation of a closed surface

A, and that V' may have no singular values, so long as p' is exterior to this surface: then

ifwe form a conducting body, whose outer surface isA, the density of the electric fluid

in equilibrium upon it, willbe represented by

P=

-hdV

4π dw' ,

and the potential function due to this fluid, for any point p', exterior to the body, will be

hV;

hbeingaconstant quantity dependant upon the total quantity of electricity Q, communi-

cated to the body. This is evident from what has been proved in the articles cited.
L



38

:

t

1

Let R represent the distance betweenp', and any point within A; then the potential

function arising from the electricity upon it, will be expressed by when R is infinite.

Hence the condition

Q

R
=hV' (Rbeing infinite) .

which will serve to determine h, when Q is given .

R'

In the application of this general method, we may assume for V', either some analytical

expression containing the co-ordinates of p', which is known to satisfy the equation

0= 8V , and to vanish when p' is removed to an infinite distance from the origin of the

co-ordinates; as, for instance, some ofthose given by LAPLACE (Mec. Celeste, Liv. 3, Ch.

2), or, the value apotential function, which would arise from a quantity of electricity any

how distributed within a finite space, at a pointp' without that space; since this last will

always satisfy the conditions to which is subject.

It may be proper to give an example of each ofthese cases. In the first place, let us

take the general expression given by LAPLACE,

U(0) U(1) U(2)

V= + +
73r

+etc. ,

then, by confining ourselves to the two first terms, the assumed value ofV' will be

U(0) U(1)

V
;

r

r being the distance ofp' from the origin of the co-ordinates, and U(0), U(1), etc. functions

This expression bychanging the direction ofof the two other polar co-ordinates and 5.

the axes, may always be reduced to the form

2a ke cos0

V + ;
r

a and k being two constant quantities,which we will suppose positive. Then if b be a

very small positive quantity, the form of the surface given by the equation =b, will

differ but little from a sphere,whose radius is : by gradually increasing b, the differ-

2a

a

ke

ence becomes greater, until b= , and afterwards, the form assigned by V-b, becomes

improper for our purpose. Making therefore b = in order tohave a surface differing

as much from a sphere, as the assumed value of V' admits, the equation of the surfaceA

becomes

2a he cos o

V +

r k

From which we obtain

=

**(1 + cos )2
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Ifnow & represents the angle formed by dr and dw', we have

rde

√2sin

2+ 2√2cos

=tan4,

and as the electricity is in equilibrium uponA, the force with which a particle p, infinitely

near to it, would be repelled, must be directed along dw': but the value of this force is
d

-

dw'
-, and consequently its effect in the direction of the radius r, and tending to increase it,

d

-

dw'

ها

willbe cos 4. This last quantity is equally represented by - and therefore
dr'

d d

cos ;

dr dw'

the horizontal lines over quantities, indicating, as before, that they belong to the surface

itself. The value of
-

(d ), deduced from this equation, is

dyi

dw'

-

=

2a√2cos

re cos

2

1

cos dr cosp

2a 2k cos0

+
3

this substituted inthe general value of e, before given, there arises

-hdv

ρ 4π dw'

ha√2cos

2πr² cosφ

Supposing Qis the quantity of electricity communicated to the surface, the condition

R

=hV (whereRis infinite)

before given, becomes, since r may here be subst tuted for R, seeing that it is measured

from a point within the surface,

Q 2ah

i. e. h=
r

Q

2a .

We have thus the rigorous value of p for the surfaceAwhose equation is r= (1 + cos )

when the quantity Q of electricity upon it is known, and by substituting for r and h their

valuesjustgiven, there results

P

2

Qa√2cos

4k cos (1 + cos

Moreover the value of the potential function for the point p' whose polar co-ordinates are

r, 8, and w, is
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3

:

hvQk cos+

2ar

From which we may immediately deduce the forces acting on any point p' exterior to A.

In tracing the surfaceA, 6 is supposed to extend from 0=0 to 6=%, and w, from 0 to

=27: it is therefore evident, by constructing the curve whose equation is

= (1+ √2cos. ),

that the parts aboutP, where 6 , approximate continually in form towards a conewhose

apex is P, and as the density ofthe electricity atP is null, in the example before us, we

maymake this general inference: when any body whatever, has a part of its surface in the

form of a cone, directed inwards; the density of the electricity in equilibrium upon it,

will be null at its apex, precisely the reverse of what would take place, if it were directed

outwards, for then, the density at the apex would become infinite .*

As asecond example,we will assume for V', the value ofthe potential function arising

from the action ofa line uniformly covered with electricity. Let 2a be the length of the

line, y the perpendicular falling from any pointp' upon it, & the distance of the foot of

this perpendicular form the middle of the line, and a' that of the element da' from the

same point : then taking the element da', as the measure of the quantity of electricity it

contains, the assumed value of V' will be

V=

dx

Vy²+(x-x)

a-x + √y²+( -x)
=

log-a-x + y²+(a+x)² ;

the integral being taken from x'=-a to x '=+a. Making this equal to aconstant quan-

tity logb, we shall have, for the equation of the surfaceA,

a-x+ √y²+(a-x)

-a-x+ √y²+(a+ x) *

=b,

which by reduction becomes

i

0=y*(1-6)²+x²-46(1-6)2-a2.46 (1+1) .

* Since this was written, I have obtained formule serving to express, generally, the law of the distribution of

the electric fluid near the apex O of a cone, which forms part of a conducting surface of revolution having the

same axis . From these formulæ it results that, when the apex of the cone is directed inwards, the density of

the electric fluid at any pointp, near to it, is proportional to r"-1; r being the distance Op, and the exponent n

very nearly such as would satisfy the simple equation (4n+2) β=3 : where 28 is the angle at the summit of

the cone. If 2ẞ exceeds w, this summit is directed outwards, and when the excess is not very considerable, n

will be given as above : but 2ẞ still increasing, until it becomes 2-2y; the angle 2y at the summit of the
2

7

cone, which is now directed outwards, being very small, n will be given by 2n log-= 1, and in case the con-

ducting body is a sphere whose radius is 6, on which Prepresents the mean density of the electric fluid, p,

the value of the density near the apex O, will be determined by the formula

1

1

!

a being the length of the cone.

2Pbn
7-1

P2P ( );
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We thus see that this surface is a spheroid produced by the revolution of an ellipsis

about its greatest diameter; the semi-transverse axis being a

1+6

1-6
c, and semi-conjugate

26

a

1-6

By differentiating the general value of V', just given, and substituting foryits value at

the surfaceA, we obtain

1-6

-2.г

1+6
=

dx 1+6

1-6

-

1-6

+6

2

-2ax

Car

Now writing & for the angle formed by dx and dw', we have

1 ds 1-6

===
cos -dy 2x6

1+ 0

1-6 ;

ds being an element of the generating ellipsis. Hence, as in the preceding example, we

shall have,

هللا

dw'

1

cos da

dv -2a6

a

On the surface A therefore, in this example, the general value ofp is

d

-hav

47 dư

=

ah

and the potential function for any point p', exterior to A, is

h =hlog
a-x+√y +(a-x)²

- a-x+ y² +(a+ x)²

Making now x andyboth infinite, in order that p' maybe at aninfinite distance, there
results

2ah

Vr²+y2

andthus the condition determining h, inQ, the quantity ofelectricity upon the surface, is,

sinceRmaybe supposed equal toV²+y²,

2ah

==
i.e. h

१

2a

These results of our analysis, agree with what has been long knownconcerningthe law of

the distribution of electric fluid on the surface ofaspheroid,when in a state of equilibrium.

(13.) In what has preceded, we have confined ourselves tothe consideration ofperfect

conductors. We will now give anexample ofthe application ofourgeneral method, to a

body that is supposed to conduct electricity imperfectly, and which will, moreover, be
M
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1

interesting, as it serves to illustrate the magnetic phenomena,produced by the rotation of

bodies under the influence ofthe earth's magnetism.

Ifany solid body whatever of revolution,turn about its axis, it is required to determine

what will take place,whenthe matter of this solid is not perfectly conducting, supposing

it under the influence of a constant electrical force, acting parallel to any given right line

fixed in space, the body being originally in a natural state.

Let s designate the coercive force ofthe body, which we will suppose analogous to

friction in its operation, so that as long as the total force acting upon any particle within

the body is less than ß, its electrical state shall remain unchanged, but when it begins to

exceed ẞ, a change shall ensue.

In the first place, suppose the constant electrical force, which we will designate by b, to

act in a direction parallel to a line passing through the centre of the body, and perpendi-

cular to its axis of revolution; and let us consider this line as the axis of x, that of revo-

lution being the axis of z, and y the other rectangular co-ordinate of a pointp, within the

body and fixed in space. Thus, if be the value of the total potential function for the

same pointp, at any instant of time, arising from the electricity ofthe body and the exterior

force,

bx+V

-will be the part due to the body itself at the same instant; since bx is that due to the

constant force b, acting in the direction ofa, and tending to increase it. If now we make

x= rcos , arsinecosw, y= rsine sinw;

the angle being supposed to increase in the direction of the body's revolution, the part

due to the body itselfbecomes

brsin e cos + V.

Werewe to suppose the value of the potential function V given at any instant, we

might find its value at the next instant, by conceiving, that whilst the body moves forward

through the infinitely small angle dw, the electricity within it shall remain fixed, and then

be permitted to move, until it is in equilibrium with the coercive force.

Now the value ofthe potential function at p, arising from the body itself, after having

moved through the angle da (the electricity being fixed), will evidently be obtained by

changing into w-do in the expressionjust given, and is therefore

dV

brsin o cos + V+ br sin e sinw dw- dw,
do

adding now the part-bx=-brsin e cos , due to the exterior bodies, and restoring x,y,

dv dV dV

etc. we have since =-y +2

do de dy'

Vdwby+y-
dx

dV

dy

for the value of the total potential function at the end of the next instant, the electricity

being still supposed fixed. We have now only to determine what this will become, by

allowing the electricity to move forward until the total forces acting on points within the
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body, which may now exceed the coercive force by an infinitely small quantity, are again

reduced to an equilibrium with it. Ifthis were done, we should, when the initial state of

thebody was given, be able to determine, successively, its state for every one of the fol-

lowing instants. But since it is evident from the nature of the problem, that the body,

by revolving, will quickly arrive at apermanent state, in which the value of Vwill after-

wards remain unchanged and be independent of its initial value, we will here confine our-

selves to the determination of this permanent state. It is easy to see, by considering the

forces arising from the new total potential function, whose value hasjust been given, that

in this case the electricity will be in motion over the whole interior of the body, and con-

sequently

β*= ( )*+(+) +(*)',dx dz

which equation expresses that the total force to move any particle p, within the body, is

just equal to ẞ, the coercive force. Now ifwe can assume any value for V, satisfying the

above, and such, that it shall reproduce itself after the electricity belonging to the new

total potential function (art. 7), is allowed to find its equilibrium with the coercive force,

it is evident this will be the required value, since the rest ofthe electricity is exactly in

equilibrium with the exterior force b, and may therefore be here neglected. To be able to

do this the more easily, conceive two new axesX', Y', in advance of the old onesX,Y,

and making the angle y with them; then the value ofthe new potential function, before

given, becomes
dV

dx'

dv

dy'

which, by assuming V-sy', and determining y by the equation

reduces itself to

0= b sin y-β,

y' (β+ b cosydw).

Considering now the symmetrical distribution ofthe electricity belonging to this potential

function, with regard to theplane whose equation is 0=y', it will be evident that, after

the electricity has found its equilibrium, the value ofV at this plane must be equal to

zero: a condition which,combined with the partial differential equation before given, will

serve to determine, completely, the value of at the next instant, and this value ofV

willbe

V=βγ'.

Wethus see that the assumed value ofVreproduces itself at the end of the following

instant, and is therefore the one required belonging to the permanent state.

Ifthe body had been aperfect conductor, the value ofVwould evidently have been

equal to zero, seeing that it was supposed originally in a natural state: that just found is

therefore due to the rotation combined with the coercive force, and we thus see that their

2effect is to polarise the body in the direction ofy' positive, making the angle +7 with

thedirection of the constant force b; and the degree ofpolaritywillbe the same as would
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be produced by a force equal to s, acting in this direction on aperfectly conducting body

of the same dimensions .

We have hitherto supposed the constant force to act in a direction parallel to the equa-

torial plane of the body, but whatever may be its direction, we may conceive it decomposed

into two: one equal to b as before, and parallel to this plane, the other perpendicular to

it, which last will evidently produce no effect on the value ofV, as this is due to the

coercive force, and would still be equal to zero under the influence of the new force, if the

body conducted electricity perfectly.

Knowing the value of the potential function at the surface of the body, due to the rota-

tion, its value for all the exterior space may be considered as determined (art. 5), and if the

body be a solid sphere, may easily be expressed analytically; for it is evident (art. 7), from

the value of Vjust given, that even in the present case all the electricity will be confined

to the surface ofthe solid; and it has been shown (art. 10), that when the value of the

potential function for the pointp within a spherical surface, whose radius is a, is repre-

sentedby

ф(г),

the value of the same function for a pointp' , situate without this sphere, onthe prolonga-

tion of r, and at the distance r' from its centre, will be

t

:

1

a

(유).

But we have seen that the value ofVdue to the rotation, for the point p, is

V= ẞy'= ẞr cos 0';

e' being the angle formed by the rayr and the axis ofy'; the corresponding value for the

point p' will therefore be

Bas cos

7/2

Andhence, by differentiation, we immediately obtain the value ofthe forces acting on any

particle situate without the sphere, which arise from its rotation; but, if we would deter-

mine the total forces arising from the sphere,we must, to the value of the potential func-

tionjust found, add that part which would be produced by the action ofthe constant force

upon this sphere,when it is supposed to conduct electricity perfectly,which will be given

inprecisely the same wayas the former. In fact,fdesignating the constant force, and ou

the angle formed by r and a line parallel to the direction off,the potential function arising

from it, for the pointp, will be

-frcosel",

and consequently the part arising from the electricity, induced by its action, must be

+frcos el",

seeing that their sum ought to be equal to zero. The corresponding value for the point

p', exterior to the sphere, is therefore

fa³ cos oll

γ'ε و
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this added to the value of V , before found, will give the value ofthe total potential func-

tion for the pointp', arising from the sphere itself.

It will be seen when we come to treat of the theory of magnetism, that the results of

this theory, in general, agree very nearly with those which would arise from supposing the

magnetic fluid at liberty to move from one part of a magnetizedbody to another; at least,

for bodies whose magnetic powers admit of considerable developement, as iron and nickel

for example; the errors ofthe latter supposition being of the order 1-g only; g being

a constant quantity dependant on the nature of the body, which in those just mentioned,

differs very little from unity. It is therefore evident that when a solid ofrevolution, formed

of iron, is caused to revolve slowly round its axis, and placed under the influence of the

earth's magnetic forcef, the act of revolving, combined with the coercive force ẞ of the

body, will produce a new polarity, whose direction and quantity will be very nearly the

same as those before determined. Nowfhaving been supposed resolved into two forces,

one equal to b in the plane of the body's equator, and another perpendicular to this plane;

if ß be very small compared with b, the angle y will be very small, and the direction ofthe

new polarity will be very nearly at right angles to the direction of b, a result which has

been confirmed by many experiments: but by our analysis we moreover see that when b is

sufficiently reduced, the angle y may be rendered sensible, and the direction of the new

polarity will then form with that ofb the angle++ 7; v being determined by the equation2

β

sin y=뭉.b

This would be very easily put to the test of experiment by employing a solid sphere of iron.

The values of the forces induced by the rotation of the body, which would be observed

in the space exterior to it, may be obtained by differentiating that ofV' before given, and

will be found to agree with the observations of Mr. BARLOW (Phil. Tran. 1825), on the

supposition of a being very small.

As the experimental investigation of the magnetic phenomena developed by the rotation

ofbodies, has lately engaged the attention of several distinguished philosophers, it may

not be amiss to consider the subject in a more general way, as we shall thus not only con-

firm the preceding analysis, but be able to show with what rapidity the body approaches

that permanent state,which it has been the object of the preceding part of this article to

determine.

Let us now, therefore, consider a bodyA fixed in space, under the influence of electric

forces which vary according to any given law; then we might propose to determine the

electrical state ofthe body, after a certain interval of time, from the knowledge of its

initial state; supposing aconstant coercive force to exist within it. To resolve this in its

most general form, it would be necessary to distinguish between those parts of the body

where the fluid was at rest, from the forces acting there being less than the coercive force,

and those where it would be in motion; moreover these parts would vary at every instant,

and the problem therefore become very intricate: were we however to suppose the initial

state so chosen, that the total force to move any particle p within A, arising from its

electric state and exterior actions, was then just equal to the coercive force ẞ; also, that

the alteration in the exterior forces should always be such, that if the electric fluid re-

N
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mained at rest during the next instant, this total force should no where be less than8; the

problem would become more easy, and still possess agreat degree of generality. For in

this case, when the fluid is moveable, the whole force tending to move any particle p

withinA, will, at every instant, be exactly equal to the coercive force. If therefore x,y, z,

represent the co-ordinates ofp, and the value ofthe total potential function at any instant

oftime t, arising from the electric state of the body and exterior forces, we shall have the

equation

β* = ( )*+ ( )* +( ) ' ,

whose general integral may be thus constructed :

(a)

Take the value of Varbitrarily over any surface whateverS, plane or curved, and sup-

pose three rectangular co-ordinates w, w ', w", whose origin is at a pointPonS: the axis

ofw being a normal to S, and those of w' w", in its plane tangent. Then the values of

dv dV dV

and are known at the pointP, and the value of will be determined by the
dư

equation

dw" dw

( ) +( ) +( ) = β' ,

which is merely atransformation of the above.

Take now another pointP₁, whose co-ordinates referred to these axes are

dv

dw'

dVdV
and

dwdw

and draw a right lineLthrough the pointsP,P,, then will the value of Vat any

pointp, on L, be expressed by
νο+ βλ;

abeing the distancePp, measured along the line L, considered as increasing in the direc-

tion PP , and V. , the given value of Vat P. For it is very easy to see that the value

of Vfurnished bythis construction, satisfies the partial differential equation (a), and is

its general integral, moreover the system of lines L,L,L , etc. belonging to the points

P,P',P", etc. on S, are evidently those along which the electric fluid tends to move,

and will move during the following instant.

Let now V+DVrepresent what becomes at the end of the time t+dt; substituting

this for Vin (a) we obtain

0=

dV dDV dV dDV dV dDV

+ +

dæ dæ dy dy dz dz

. • (6)

Then, if we designate by D'V, the augmentation ofthe potential function,arising from

the change which takes place in the exterior forces duringthe element oftime dt,

DV-DV

will be the increment ofthe potential function, due tothe corresponding alterations De and

De' in the densities of the electric fluid at the surface ofAand within it, which may be

determined from DV-D'Vby art. 7. But, by the known theory of partial differential

equations, the most general value ofDVsatisfying (b), will be constant along every one

of the lines L,L',L', etc., and may vary arbitrarily in passing from one ofthemto another:

1
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as it is also along these lines the electric fluid moves during the instantdt, it is clear the

total quantity of fluid in any infinitely thin needle, formed by them, and terminating in the

opposite surfaces ofA, willundergo no alteration during this instant. Hence therefore

0= Dp'dv + Dpdo+ Dp,do,; (c)

dv being an element ofthe volume ofthe needle, and do, do,, the two elements ofA's sur-

face by which it is terminated. This condition, combined with the equation (b), will

completely determine the value ofDV, and we shall thus have the value of the potential

function V+DV, at the instant of time t + dt, when its value V, at the time t, isknown.

As an application of this general solution; suppose the body A is a solid ofrevolution,

whose axis is that of the co-ordinate z, and let the two other axes X, Y, situate in its

equator, be fixed in space. If now the exterior electric forces are such that they maybe

reduced to two, one equal to c, acting parallel to z, the other equal to b, directed parallel

to a line in the plane (xy), making the variable angle & withX; the value ofthe potential

function arising from the exterior forces, will be

-zc-xbcos -ybsin ;

where b and c are constant quantities, and o varies with the time so as to be constantly

increasing. When the time is equal to t, suppose the value of V to be

V= β (xcosa+ysinw).

then the system of lines L,L ,L," will make the angle with the plane (xx), and be per

pendicular to another plane whose equation is

0=xcosa + ysinw.

Ifduring the instant oftime dt, & becomes $ +Do, the augmentation ofthe potential func-

tiondue to the elementary change in the exterior forces, will be

D'V= (2sin -ycos ) bD ;

moreover the equation (b) becomes

0 COS

dDV

dr

+sinw

dDV

dy '

(6')

and therefore the general value ofDVis

DV=DF {ycos - sin ; z};

DFbeing the characteristic of an infinitely small arbitrary function. But, it has been

before remarked that the value of DVwill be completely determined, by satisfying the

equation (b) and the condition (c). Let us then assume

DF{ycos - sina; z }=hD (ycosa-xsina);

hbeing a quantity independent ofx,y,z, and see if it be possible to determineh so as to

satisfythe condition (c). Now on this supposition

DV-DV=hD (ycos -xsin )-(xsin -ycos ) bdp=D [y(hcos + bcos )-2/hsin +6cos )]
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The value of De' corresponding to this potential function is (art. 7).

De'= 0,

and on account ofthe parallelism of the lines L,L', etc. to each other, and toAs equator

do=do,. The condition (c) thus becomes

0=Dp+ Dp, : (c')

De andDe, being the elementary densities on As surface at opposite ends of any of the

lines L,L', etc. corresponding to the potential function DV-DV. But it is easy to see

from the form of this function, that these elementary densities at opposite ends of any line

perpendicular to a plane whose equation is

0 = y (hcos + b cos p)-x (hsino + bsin ),

are equal and of contrary signs, and therefore the condition (c) will be satisfied by making

this plane coincide with that perpendicular to L,L', etc., whose equation, as before re-

marked, is

0 = x cos + ysinw;

that is the condition (c) will be satisfied, ifh be determined by the equation

r which by reduction becomes

and consequently

hcos + b cosp

sin

hsina+ bsin

COS ,

0= h+ b cos ( - ),

V+DV=B(xcosa+ysinw/+ hDq (y cos -xsinw/

6

COS

=3x(cos + sin cos ( - )Do)+By (sin - coscos( - )DP)β

=Bxcos( - cos ( - )Do)+Bysin( -cos( - )Do).

b

β β

When therefore is augmented by the infinitely small angleDo, receives the correspond-
b

ing increment - cos ( -a)Do, and the form of V remains unaltered; the preceding
β

reasoning is consequently applicable to every instant, and the general relation between

◊ and expressed by
b

0=Da+ cos ( -a)Do:

acommon differential equation, which by integration gives

H.e
cotan.y sin ( - + -올).4 2 2

sin( ++ )

;

Hbeing an arbitrary constant, and y, as in the former part of this article, the smallest

root of

0=bainy-β.
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Let , and be the initial values of wand ; then the total potential function at the

next instant, ifthe electric fluid remained fixed, would be

V₁=β (xcosa. + ysina ) + (asino-ycos .) bdo,

and the whole force to move a particle p, whose co-ordinates are x, y, z,

dV

dx

2

dV

√( ) + ( +) + (+)* = + dohsin ( - ),dy
dz

which, in order that our solution may be applicable, must not be less than ß, and conse-

quently the angle 4.-5. must be between 0 and : when this is the case, is immediately

determined from oby what has preceded. In fact, by finding the value of H from the

initial values w.and o., and making (=4= ++ , we obtain
2 2

tanζοtan = (Q- Po) cot & tan ytang. (e -Po) coty);

ζ. being the initial value of 7.

e

y

+ -1)

We have, in the latter part of this article, considered the bodyA at rest, and the line

X', parallel to the direction of b, as revolving round it: but if, as in the former, we now

suppose this line immovable and the body to turn the contrary way, so that the relative

motion ofX' toXmay remain unaltered,the electric state of the body referred to the axes

X,Y,Z, evidently depending on this relative motion only, will consequently remain the

same as before. In order to determine it on the suppositionjust made, letX' be the axis

ofx', one of the co-ordinates ofp, referred to the rectangular axes X,Y,Z, also y',%, the

other two; the directionX'Y', being that in whichA revolves. Then, ifa' be the angle

the system of lines L,L', etc. forms with the plane (x',2), we shall have

+0 = 0 ;

, as before stated, being the angle included by the axes X,X. Moreover the general

values ofVand will be

V= (xcos +y' sina') and
5= + ,

4

and the initial condition, in order that our solution may be applicable, will evidently be-

come 4.-5.=w =a quantity betwixt 0 and z.
1

10'

-

As an example, let tan y= since we know by experiment that y is generally very

small; then taking the most unfavorable case, viz. where w =0, and supposing thebody to

make one revolution only, the value of ζ, determined from its initial one, 5.=++ ,

will be found extremely small and only equal to aunit in the 27th decimal place. We

thus see with what rapidity & decreases, and consequently, the body approaches to a per-

manent state, defined by the equation

T

0=5= + - .
2 2

4 2 2,

0
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Hence, the polarity induced by the rotation is ultimately directed along a line, making an

angle equal to + y with the axisX', which agrees with what was shown in the former

part of this article.

2

The value of Vat the body's surface being thus known at any instant whatever, that of

the potential function at a point p' exterior to the body, together with the forces acting

there, will be immediately determined as before.

APPLICATION OF THE PRELIMINARY RESULTS TO THE

THEORY OF MAGNETISM.

(14.) THE electric fluid appears to pass freely from one part of a continuous con-

ductor to another, but this is by no means the case with the magnetic fluid, even with

respect to those bodies which, from their instantly returning to a natural state the mo-

ment the forces inducing a magnetic one are removed, must be considered, in a certain

sense, as perfect conductors ofmagnetism. COULOMB, I believe, was the first who pro-

posed to consider these as formed ofan infinite number of particles, each ofwhich conducts

the magnetic fluid in its interior with perfect freedom, but which are so constituted that it

is impossible there shall be any communication ofit from one particle to the next. This

hypothesis is now generally adopted by philosophers, and its consequences, as far as they

have hitherto been developed, are found to agree with observation; we will therefore admit

it in what follows, and endeavour thence to deduce, mathematically, the laws of the distri-

bution of magnetism inbodies ofany shape whatever.

Firstly, let us endeavour to determine the value of the potential function, arising from

the magnetic state induced in a very small bodyA, by the action of constant forces directed

parallel to a given right line; the body being composed of an infinite number ofparticles,

all perfect conductors of magnetism and originally in a natural state. In order to deduce

this more immediately from art. 6, we will conceive these forces to arise from an infinite

quantity Qofmagnetic fluid, concentrated in apointp on this line, at an infinite distance

from A. Then the origin O ofthe rectangular co-ordinates being any where within A, if

x, y, z, be those ofthe point p, andx',y', ', those ofany other exterior point p', to which

the potential function Varising fromAbelongs, we shall have (vide Mec. Cel. Liv. 3)

V= -

U(0) U(1) U(2)

+++ etc.;

=√x + y + z being the distance Op'.
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Moreover, since the total quantity of magnetic fluid inAis equal to zero,U(0)=0. Sup-

posing now r' very great compared with the dimensions of the body, all the terms after

U(1)

ةرمل

in the expressionjust given will be exceedingly small compared with this, by neg-

lecting them, therefore, and substituting for U ) its most general value, we obtain

V=U
Ax+By + Cz

;
13

A,B, C, being quantities independent ofx ,y' ,&', but which may contain x,y, z,.

Now (art. 6) the value of Vwill remain unaltered, when we change x, y, z, into x',y', z',

and reciprocally. Therefore

V= Ax +By + Cz - A'z+By+Cz
3

;

A',B', C', being the same functions ofx',y', ', as A,B, C, are of x,y, z.

easy to see that must be of the form

V=
a"xx' + b"yy' + czz' + e"(xy + yx') + fill (xz + zx) +g" (yz + zy')

a", b", c", e", f",g", being constant quantities .

33 ;

Hence it is

IfX,Y, Z, represent the forces arising from the magnetism concentrated in p, in the

diretions of x,y, z, positive, we shall have

-

x== * ; y= =?" ; 2 == ;

and therefore Vis of the form

3 3

a/Xx' + b'Yy' + cZz' + e' (Xy' + Yx') + f' (Xx' + Zx ) + g'(Ya '+ Zy') ;
713

a', b', etc. being other constant quantities. But it will always be possible to determine the

situation ofthree rectangular axes, so that e,f, andgmay each be equal to zero, and con-

sequently be reduced to the following simple form

aXx'+ by + cZz!
V=

;

a, b, and c being three constant quantities.

(a)

WhenA is a sphere, and its magnetic particles are either spherical, or, like the integrant

particles of non-crystalized bodies, arranged in aconfused manner; it is evident the con-

stant quantities a', b', c', etc. inthe general value ofV, must be the same for every system

of rectangular co-ordinates, and consequently we must have a'b'c', e'=o, f'=o, and

g'o, therefore in this case

V=
a'(Xx'+ Yy'+ Zz ')

7/3
;

...

(6)

a' being a constant quantity dependant on themagnitude and nature ofA.
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The formula(a) will give the value ofthe forces acting on any pointp', arising from a

massA of soft iron or other similar matter,whose magnetic state is induced by the influ-

ence of the earth's action; supposing the distance Ap' to be great compared with the

dimensions ofA, and if it be a solid of revolution, one of the rectangular axes, sayX,

must coincide with the axis ofrevolution, and the value ofVreduce itself to

d'Xx'+ b'(Yy'+ Zz') ;

a' and b' being two constant quantities dependant on the form and nature of the body.

Moreover the forces acting inthe directions ofx', y', z', positive, are expressed by

-( ), - ( ), -( ).dy'

Wehave thus the means of comparing theory with experiment, but these are details into

which our limits will not permit us to enter.

The formula (b), which is strictly correct for an infinitely small sphere, on the suppo-

sition of its magnetic particles being arranged in aconfused manner, will, in fact, form the

basis ofour theory, and although the preceding analysis seems sufficiently general and

rigorous, it may not be amiss to give asimpler proof of this particular case. Let, there-

fore, the origin O ofthe rectangular co-ordinates be placed at the centre of the infinitely

small sphere A, and OB be the direction ofthe parallel forces acting upon it; then, since

the total quantity ofmagnetic fluid inA is equal to zero, the value ofthe potential func-

tionV, at the pointp', arising fromA, must evidently be of the form

V=

kcosO

;

r' representing as before the distance Op', and the angle formed between the line Op',

and another line OD fixed in A. Ifnowf be the magnitude ofthe force directed along

OB, the constant k will evidently be of the form k=af; a' being a constant quantity.

The value of V, just given, holds good for any arrangement, regular or irregular, of the

magnetic particles composingA, but on the latter supposition, the value of✓would evi-

dently remain unchanged, provided the sphere, and consequently the line OD, revolved

round OB as an axis, which could notbethe case unless OBand OD coincided. Hence

=angle Bop' and

V=

0
a'fcosO

Letnowa, b, y, be the angles that the line Op' r' makes with the axes ofx,y, z, anda',

β, 7, those which OBmakes with the same axes; then substituting for cos 6 its value

cos a cos a' + cos e cos p ' + cos y cos y', we have, sincef'cos a=X,fcos p=Y,fcos y=2,

a' (Xcosa + Ycos ẞ+ Zcosy)V=
... .. (6')

,

1

Which agrees with the equation (b), seeing that COS

Σ'

7,

y'

COBB=

2'

Cosy
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(15.) Conceive now, abodyA, of any form, to have a magnetic state induced in its

particles by the influence of exterior forces, it is clear that ifdu be an element of its vo-

lume, the value of the potential function arising from this element, at any point p' whose

co-ordinates are x',y' , ' , must, since the total quantity of magnetic fluid in du is equal to

zero, be ofthe form

dv [X(x-x) +Y(y -y) +2 (z - z) ]

3 ;

..

(a)

x,y, z, being the co-ordinates of du, r the distance p', du andX,Y, Z, three quantities

dependant on the magnetic state induced in dv, and serving to define this state. If there-

fore du' be an infinitely small volume within the bodyA and inclosing the point p', the

potential function arising from the whole ofA exterior to dv', will be expressedby

Z

Sdrdydz X(x -2) + Y( -y)+ 2(2-2);3

the integral extending over the whole volume ofA exterior to dv '.

It is easy to show from this expression that, in general, although do' be infinitely small,

the forces acting in its interior vary in magnitude and direction by passing from one part

of it to another; but, when dv' is spherical, these forces are sensibly constant in magnitude

and direction, and consequently, in this case, the value of the potential function induced in

dv' by their action, may be immediately deduced from the preceding article.

Let ' represent the value of the integraljust given, when do' is an infinitely small

sphere. The force acting on p' arising from the mass exterior to dv', tending to increase

x', willbe

-( );

the line above the differential co-efficient indicating that it is to be obtained by supposing

the radius of du' to vanish after differentiation, and this may differ from the one obtained

by first making the radius vanish, and afterwards differentiating the resulting function of

x ,y , z', which last being represented as usual by dy we have

d = d Sandydz

ddy'

d = dadydz
dx dx

da

X(x-x)+Y(y-y) +Z(2 )

3

X(x' -x) + Y(y' -y) + Z (z-z)

3 ;

the first integral being taken over the whole volume ofAexterior to du', and the second

over the whole ofA including dv'. Hence

तर बन

dx!dæ - = dfdadydz
X(x-x)+Y(y -y) +2(2-x)

;r

the last integral comprehending the volume of the spherical particle du' only, whose radius

a is supposed to vanish after differentiation. In order to effect the integration here indi-

cated, wemay remark thatX,YandZare sensibly constant within du', and may therefore
P

۱
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be replaced byX,Y, and Z₁, their values at the centre of the sphere dv', whose co-ordi-

nates are x ,y , z,; the required integral will thus become

Sdadydz X.(x-2) + Y.(y -3)+2,(8-8).

dE

Making for amoment E=Xx+Y₁y+ Z₁z, we shall have X= Y=

and as also =

dy-y_dz-z

dy

=

de
3

dædydz

3

dæ

dE dE

Z

dy
dz

و

✓, this integral may be written
dz

Sandydz{ ++ },dæ

which since &E=0, and ÷=0, reduces itself by what is proved in art. 3, to

do dE

fde (d )= (because dw = -da) do dr dw r

the integral extending over the whole surface of the sphere dv', ofwhich do is an element;

r being the distance p', do, and dw measured from the surface towards the interior of dv'.

Now do
da expresses the value of the potential function for a point p', within the

do dE

T

dE

da'sphere, supposing its surface every where covered with electricity whose density is

and may very easily be obtained by No. 13, Liv. 3, Mec. Celeste. In fact, using for a

moment the notation there employed, supposing the origin ofthe polar co-ordinates at the

centre of the sphere, we have

E=E,+ a [X, cos e + Y sin e cosa+Z, sin e sin w] ;

E, being the value ofEat the centre of the sphere. Hence

dE

da
=X,cos e + Y, sino cos + Z, sin o sinw,

and as this is of the form U(1) (Vide Mec. Celeste Liv. 3.), we immediately obtain

do de 4π'

daS =
=

3

θ ' cos w'+2, sino'sin '

}

wherer',6', a', are the polar co-ordinates ofp'. Or by restoring x',y', and z '

do de 4π

da 3r

Hence we deduce successively

X,(x'-x ) + Y, (y -y) + Z, (2'-2,)

X(x -x) + Y(y -y) + Z (x-2)

- = Sandydzdx' da

Cdo de

da

d

dx

= ***= * {X}(x ) + Y, ( -3 ) +2 (2-5 )}= ¥́.

d

dr

4πΧ,

dr 3
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Ifnowwe make the radius a vanish,X, must become equal toX', the value of Xat the

point p', and there will result

But-dy

dy dy
dy

Tdx'

da'

=

4πΧ'

3

i. e.
dydy

dr

=

dx

ΑπΧ'

3

•

expresses the value of the force acting in the direction of a positive, on a

point p' within the infinitely small sphere dv', arising from the whole ofA exterior to dv' ;

substituting now for its value just found, the expression of this force becomes
dx

4π

X'-

3

dy

dx

Supposing V to represent the value of the potential function at p', arising from the exte-

rior bodies which induce the magnetic state ofA, the force due to them acting in the same

direction, is

dv

dx

and therefore the total force in the direction ofx' positive, tending to induce a magnetic

state in the spherical element dv', is

4π dy' av

X'- =X.
3 dx' dx'

Inthe same way, the total forces in the directions of y' and z' positive, acting upon dv',

are shown to be

4π dy dV 4π

Y- Z'

3
dy dy'

=y, and,and, AZ -dvd = 2.
dy

=Z.
3 dz dz

By the equation (b) of the preceding article, we see that when do' is aperfect conduc-

tor ofmagnetism, and its particles are not regularly arranged, the value ofthe potential

function at any point p", arising from the magnetic state induced in dv' by the action of

the forces X, Y, Z, is ofthe form

a' (Xcosa+ Ycosβ+ Zcosy)
2 ;

r' being the distance pa, dv', and a,β, γ, the angles which r' forms with the axes of the

rectangular co-ordinates. If then r",y", z", be the co-ordinates ofp", this becomes, by

observing that here a'=kdv',

kdv' [X(x -x') + (y -y') + Z(z"-3')]

مل :

kbeing a constant quantity dependant on the nature of the body. The same potential

function will evidentlybe obtained from the expression (a) ofthis article,by changing dv,

p', and their co-ordinates, into dv', p", and their co-ordinates ; thus we have

P
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:

:

:

du [X/ (x -2 ) + (y -y')+ Z'(zll-z')]
3

Equating these two forms ofthe same quantity, there results the three following equations :

X'X= X'-k

4πκ dy
av'

k

3 dx' dr'

Y'= Y

4πκ

3

dy dr

Y'-k
-k

dy dy'

4πκ dy dr

Z'=kZ Z'-k k

3 dz' dz
و

since the quantities x,"y", z", are perfectly arbitrary. Multiplying the first of these equa-

tions by dr', the second by dy', the third by dz', and taking theirsum, we obtain

0 = (1-4 )
(X'dx+Y'dy' + Z'dz') +kdy +kdV .

3

But dy' and d' being perfect differentials, X'dx' + Y'dy'+ Z'dz' must be so likewise,

making therefore

do' = X'dx' + Y'dy' + Z'dz',

the above, by integration,becomes

const= (1-4 ) ² + k +肥 。3

Although the value ofk depends wholly on the nature of the body under consideration,

and is to be determined for each by experiment, we may yet assign the limits between

which it must fall. For we have, in this theory, supposed the body composed ofconduct-

ing particles, separated by intervals absolutely impervious to the magnetic fluid; it is

therefore clear the magnetic state induced in the infinitely small sphere dv', cannot be

greater than that which would be induced, supposing it one continuous conducting mass,

but may be made less in any proportion, at will, by augmenting the non-conducting

intervals.

Whendu' is a continuous conductor, it is easy to see the value ofthe potential function

at the point p", arising from the magnetic state induced in it by the action of the forces

X,Y, Z, will be

3dv

4π

3dv X(x"-x) + (y -y) + Z( "-2)

4π

seeing that =a³ ; a representing, as before, the radius ofthe sphere du'. By comparing

this expression with that before found, when du' was not a continuous conductor, it is

evident k must be between the limits 0 and

being any positive quantity less than 1 .

3 3g

4
4, or, which is the same thing, = ; g

The value ofk, just found, being substituted in the equation serving to determine d',

there arises
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Moreover

const = (1-8) /+36 (++ ) .

Z

3g

4π

do d
r

*' =Sdadydz X(z−x) + Y(y-3) +2(2-2) =Sandyds { ++ }73

= 4mp -doo ( ) (art. 3) ;dw

dæ

do d

dy dy

do d

dzdz

the triple integrals extending over the whole volume ofA, and that relative to do over its

surface, of which do is an element; the quantities and belonging to this element.
d

dw

Wehave, therefore, by substitution

const.= (1 + 2g) +
$'

4π ( -dos ( )).

1

Now 'V'=0, and fod(+)=0,and consequently 86'=0; the symbol & referring to

x',y', x ', the co-ordinates ofp' ; or, since x',y' and ' are arbitrary, by making them equal

to x, y, and %, respectively, there results

0=δφ,

in virtue ofwhich, the value of4, by article 3, becomes

do

T=- ( );dw

(6)

T

being the distance p', do, and(
αφ

dw-)belonging to do. The former equation serving to

determine ø' gives, by changing x',y', z ', into x, y, z,

const = ( 1-g) += ( 1-

3g

4π

(↓+V); ... (c)

4, and belonging to a point p, within the body, whose co-ordinates are x,y, z. Itis

moreover evident from what precedes that, the functions , and Vsatisfy the equations

0=86,084 and 0-8 and have no singular values in the interior ofA.

The equations (b) and (c) serve to determine & and 4, completely, when the value of

Varising from the exterior bodies is known, and therefore they enable us to assign the

magnetic state of every part of the bodyA, seeing that it depends on X,Y,Z, the differ-

ential co-efficients of $. It is also evident that , when calculated for any pointp', not

contained within the bodyA, is the value of the potential function at this point arising

from the magnetic state induced inA, and therefore this function is always given by the

equation (b).

The constant quantityg, which enters into our formulæ, depends onthe nature of the

body solely, and, inasubsequent article, its value is determined for a cylindric wire used

by COULOMB. This value differs very little from unity: supposing therefore g=1, the

equations (b) and (c) become

Q
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:

:

:

:

:

:

1

-( ),

do

=- ( )dw

const = + V,

•

(6')

• (c)

evidently the same, in effect, as would be obtained by considering the magnetic fluid at

liberty to move from one part of the conducting body to another; the density e being here

replaced by and since the value of the potential function for any point exterior

to the body is, on either supposition, given by the formula (b), the exterior actions will

be precisely the same in both cases . Hence, when we employ iron, nickel, or similar

bodies, in which the value ofg is nearly equal to 1, the observed phenomena will differ

little from those produced on the latter hypothesis, except when one of their dimensions is

very small compared with the others, in which case the results of the two hypotheses

differ widely, as will be seen in some of the applications which follow.

If the magnetic particles composing the body were not perfect conductors, but indued

with a coercive force, it is clear there might always be equilibrium, provided the magnetic

state of the element du ' was such as would be induced by the forces

dV dy dV dy

+B' and + +C", instead of

dy'
dz' dz' dx'

d

dx'

dV' ↓

+ +A',
dx' dy

dV

da dy dy'
dz'

and dy,+ ddy+ and + ; suppos-
و

dz'

ing the resultant ofthe forcesA',B', C', no where exceeds a quantity β, serving to measure

the coercive force. This is expressed by the condition

A +B + Cl2 LB² .

The equation (c) would then be replaced by

0= (1 -g) do+

3g

4π
(dy+ dV+ Adx+ Bdy + Cdz) ;

• •

(c')

A,B, C, being any functions ofx,y, z, as Al,B', C', are ofx , y , z , subject only to the

condition just given.

regularly

Itwould be extremely easy so to modify the preceding theory, as to adapt it to abody

whose magnetic particles are regularly arranged, by using the equation (a) in the place of

the equation (b) ofthe preceding article; but, as observation has not yet offered any thing

which would indicate a regular arrangement of magnetic particles, in any body hitherto

examined, it seems superfluous to introduce this degree ofgenerality, more particularly as

the omission may be so easily supplied.

(16.) As an application of the general theory contained inthe preceding article, sup-

pose the bodyA to be a hollow spherical shell of uniform thickness, the radius ofwhose

inner surface is a, and that of its outer one a ; and let the forces inducing a magnetic

state in A, arise from any bodies whatever, situate at will, within or without the shell.

Then since in the interior ofAs mass 0=84, and 0= 8V, we shall have (Mec. Cel. Liv. 3)

φ=Σφ ' + Σφ,0-1-1 and V= 2U®r' + ∑U,® -1;

r being the distance of the point p, to which & and Vbelong, from the shell's centre,
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Φ(), ), etc.-U , U ), etc. functions of 4 and w, the two other polar co-ordinates ofp,

whose nature has been fully explained by LAPLACE in the workjust cited; the finite inte-

grals extending from i= 0 to i= s.

If now, to prevent ambiguity, we enclose the r of equation (b) art. 15 in a parenthesis.

it will become

+ = ( ) ;dw

(r) representing the distance p, do, and the integral extending over both surfaces of the

shell. At the inner surface we have do = do and r=a: hence the part of due to
dw dr

this surface is

do do

(r) dr

(3)

(r) (1)

(1)

;

the integrals extending over the whole ofthe inner surface, and do being one of its ele

ments. Effecting the integrations by the formulæ of LAPLACE (Mec. Celeste, Liv. 3), we

immediately obtain the part of4, due to the inner surface, viz.

4πας

Σ

a

T

-ia-1 ( ) +

(1) -1-2

Inthe same way the part of due to the outer surface, by observing that for it

-

and r=a,, is found to be
dr

4πα, (2 + 1) , (ia,-10-(i+1) pina,-+-3) .

drw

The sum of these two expressions is the complete value of4, which, together with the

values of and before given, being substituted in the equation (c) art. 15, we obtain

+

const= ( 1-g)

a

ΣΦΠ--+(1-8)Σφ +382U, +
-1

Απ

ri

380* 2(2 +1) (- 1 )+(i +1 ) ,( -- )+38 , (2 +1)aT

(ia -1- (i+ 1 ) ,,-- ).

Equating the co-efficients of like powers ofthe variable r, we have generally, whatever i

maybe,

0=(1-8) +3 + (-iat17+(i+ 1 ) +2)+ 3U,

3g (1)-1-2
a

0=(1-8) +2+ ( aq)-(i +1) +2)+ N ;4π

neglecting the constant on the right side ofthe equation in r as superfluous, since itmay

always bemade to enter into $ ). Ifnow, for abridgment, we make

D=(2 + 1)*(1 +8) + (i-1)(i+2)82-98i(i+1) (2),2 + 1a
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we shall obtain by elimination

-=_38_ ) (2 +1) (2 + 1+ (1+ 2)g)- 380m 3g(i+ 1) (2 +1) -2-1
4π

3g

D 4π D

$ =- 38 (4) 3gi (2 + 1) £1 +1 3 U(6) (2 + 1)(2 +1+(i-1)g)(8)

4π D

These values substituted in the expression

4π

Φ=Σφ(1) +Σφ, (1)γί-1 ,

D

give the general value ofo in a series of the powers of r, when the potential function due

to the bodies inducing a magnetic state in the shell is known, and thence we may deter-

mine the value ofthe potential function arising from the shell itself, for any point what-

ever, either within or without it.

When all the bodies are situate inthe space exterior to the shell, we may obtain the

total actions exerted on a magnetic particle in its interior, bythe following simple method,

applicable to hollow shells ofany shape and thickness .

The equation (c) art. 15 becomes,by neglecting the superfluous constant,

3g

0=(1-8) + ( + ) .

Ifnow (4) represent the value ofthe potential function, corresponding to the value of

◊ at the inner surface ofthe shell, each of the functions (4), and V, will satisfy the

equations 0=8(4), 08 and 0=8&V, and moreover, have no singular values in the space

within the shell; the same may therefore be said ofthe function

(1-g)(4)+

3g

4π

( + ),

and as this function is equal to zero at the inner surface, it follows (art. 5) that it is so for

any point p ofthe interior space. Hence

0=(1-8)(4)+ ( +V) ,
4π

But +Vis the value ofthe total potential function at the point p, arising from the ex-

terior bodies and shell itself: this function will therefore be expressed by

-

4π(1-8)

3g

(9)

In precisely the same way, the value ofthe total potential function atanypointp', exterior

to the shell, when the inducing bodies are all within it, is shown to be

4π(1-g)

3g

(Φ') ;

( ') being the potential function corresponding to the value of o at the exterior surface of

the shell. Having thus the total potential functions, the total action exerted onamag-

netic particle in anydirection, is immediately given by differentiation.
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To apply this general solution to our spherical shell, the inducing bodies being all

exterior to it, we must first determine 6, the value of o at its inner surface, making

0=2Ur- since there are no interior bodies, and thence deduce the value of ($).

Substituting for " and their values before given, making U, =0 and r= a, we obtain

=

-3g

Απ
(1 +2g) Συ(1)

(2i+ 1 ) *a

and the corresponding value of ($) is (Mec. Cel. Liv. 3)

D

($)=-38 (1 + 28) (8) (2 +1 ) *
4π D

(i)

The value of the total potential function at any pointp within the shell, whose polar co-

ordinates are r, 4, w, is

4π

(1g) (4) =(1-8) (1 + 2g) Συ(1) (2 + 1 ) *
3g D

In a similar way, the value of the same function at a pointp' exterior to the shell, all the

inducing bodies being within it, is found to be

(1-8) (1 + 28) Συ,(0) (2 +1)*
Dri+1 ;

r, and win this expression representing the polar co-ordinates ofp'.

To give a very simple example ofthe use of the first of these formulæ, suppose it were

required to determine the total action exerted in the interior ofahollow spherical shell, by

themagnetic influence of the earth; then making the axis ofa to coincide with the di-

rection ofthe dipping needle, and designating byf, the constant force tending to impel a

particle ofpositive fluid inthe direction ofa positive, the potential function ,due to the

exterior bodies, will here become

V=-f.x=-fcosor=U(1).r .

The finite integrals expressing the value ofVreduce themselves therefore, in this case, to

asingle term, in which i=1, and the correspondingvalue ofDbeing 9(1+g-28 ),

the total potential function within the shell is

-(1-g)(1+2g)U(1)

118-28

1+g-2g*
f.x.

1+8-28

We therefore see that the effect produced by the intervening shell, is to reduce the direc-

tive force which would act on avery smallmagnetic needle,

from
f

1+g-2g
to

α3

1+g-2g

f.

In iron and other similar bodies,g is very nearly equal to 1, and therefore the directive

force in the interior of a hollow spherical shell is greatly diminished, except when its thick-
R
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;

1

د

i

ness is very small compared with its radius, in which case, as is evident from the formula,

it approaches towards the original valuef; and becomes equal to it when this thickness

is infinitely small.

To give an example of the use of the second formula, let it be proposed to determine

the total actionupon a point p, situate on one side of an infinitely extended plate of uni-

form thickness, when another pointP, containing a unit of positive fluid, is placed on the

other side of the same plate considering it as a perfect conductor of magnetism. For

this, let fall the perpendicular PQ upon the side of the plate next P, on PQ prolonged,

demit the perpendicularpq, and make PQ=b, Pq=u, pq=v, and t=the thickness of

the plate; then, since its action is evidently equal to that of an infinite sphere of the

same thickness, whose centre is upon the line QP at an infinite distance fromP, we shall

have the required value of the total potential function at p by supposing a₁=a+t, a infinite,

and the line PQ prolonged to be the axis from which the angle o is measured. Now in

thepresent case

1

Pp

1

Vr²-2r(a-b) cos 0+ (4-6)

Συ -1,

and the value of the potential function, as before determined; is

(1-8) (1 + 28) (2 +1)*
D

U(1) --

From the first expression we see that the general term Ur--¹ is a quantity ofthe order

(a-b) . Moreover, by substituting for r its value in u

1

a

iu

1
-

e

a

neglecting such quantities as are of the order compared with those retained. The ge-

neral term Ur¹, and consequently U,t), ought therefore to be considered as functions

i

of = r. In the finite integrals just given, the increment of i is 1, and the correspond-
a

1

a
ing increment of y is -=dy (because a is infinite), the finite integrals thus change them-

selves into ordinary integrals or fluents. In fact (Mec. Cel. Liv. 3), U, always satisfies

the equation

d²U,(i)

do

cos e dU(0)

+

sin do
+ i( i+ 1)U = 0,

and as 9 is infinitely small whenever has a sensible value, we may eliminate it from the

above by means of the equation ab=v, and we obtainby neglecting infinitessimals of higher

orders than those retained, since

:

i

=7,

a

0=

deU(i)

dv

dU(1)

+ +y²U.
vdv

Hence the value U is of the form
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U =Adcos=cos (βγν) ;

seeing that the remaining part of the general integral becomes infinite when v vanishes,

and ought therefore to be rejected. It now only remains to determine the value of the

arbitrary constantA. Making, for this purpose, 0=0, i. e. v= 0, we have

U =(ab) and

1 dẞ

۵۷۱-βε

Απ

2

2

==: hence (a-b) = e. A= ( -b)-:2

By substituting forAand r their values, there results

i

a

2 αβ

b)i (a-b+u)--1
Π

0

1

a

2
cos (βγο) =

i.e.

2dy

π

e

π

(4-6) .

-

-yu dβ

cos (pro) ;

because y and dy. Writing now in the place of i its value av, and neglecting

infinitessimal quantities, we have

(2i+ 1) *

D

4

4+4g+g -9ge-2yt

Hence the value ofthe total potential function becomes

8

8

dy.e-yu

4+4g+g -9g2e-2t

1 dβ

01-βSide , cos (Byo) ;(1-g)(1+ 2g)

where the integral relative to y is taken from y= 0 to q = ∞, to correspond with the limits

0 and∞ of i, seeing that i=αγ.

The preceding solution is immediately applicable to the imaginarycase only, in which

the inducing bodies reduce themselves to a single point P, but by the following simple

artifice we may give it a much greater degree of generality :

Conceive another pointP', on the linePQ, at an arbitrary distance c fromP, and sup-

pose the unit of positive fluid concentrated inP' instead of P; then if we make r'=Pp,

and o '=LpPQ, we shall have u=r' cos e ', ver' sin e', and the value of the potential

function arising from P' will be

1 1

P'pr2r/c cos + c²

=

1

Q(0)( ○) ++ (2) + Q(2) +etc.
gol3

Moreover, the value of the total potential function atp due to this, arising from P' and

the plate itself, will evidently be obtainedby changing u into u-c in that before given,

and is therefore

8

(1-8)(1+2 ) (2+
exodye-Yu

2

e-2y

dβ

cos (βγυ) .

Expanding this function inan ascending series of the powers of c, the term multiplied

by ct is
8

για

8

(1-8)(1+28) 1.2.3 .
0

1.2. dye-yu

(2+g) -9ge-2yt

dẞ

√1-β

cos (βου),

0
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Ci

which, as c is perfectly arbitrary, must be the part due to the term Q in the po-

tential function arising from the inducing bodies. If then this function had been

R kako

Q(0) + Q(2) + Q(2) + (0)

k

γι
+ etc.;

where the successive powers cº, c', c² etc. of c are replaced by the arbitrary constant

quantities ko, k₁, k2, etc., the corresponding value of the total potential function will be

given bymaking a like change in that due to P'. Hence if, for abridgment, we make

h

(2) = ko+++1

k,

12+1.2

the value of this function at the pointp will be

8
8

(y)dye-Yu

(1-8)(1+ 28) (2+ 1) - -27t

3
k

1.2.3
y³+ etc.,

1 dβ

01-βε

cos (βγυ).

Now, if the original one due to the point P be called F, it is clear the expression just

givenmay be written

d

Φ F;
du

where the symbols of operation are separated from those of quantity, according to ARBO-

GAST's method; thus all the difficulty is reduced to the determination ofF.

Resuming therefore the original supposition of the plate's magnetic state being induced

by a particle ofpositive fluid concentrated inP, the value of the total potential function

atp will be

8

dye-uy

F= (1-8) (1 + 28) ( +8) - Sovides cos (Be ),0 (2+g) -9ge-2Vt

dβ

ονι-βε

as was before shown. Writing now e-ver -1 in the place of cos (pre), we obtain

8

dβF=-(1-g) (1+2g) S
T

01-β

dye-v(u+Box-1)

0 (2+g) *-98-2γέe

,

provided we reject the imaginary quantities which may arise. In order to transform this

, and we shall havedouble integral let x=
3g

2+g

-γε

e

9wget

2+g

3g

-2

αβ

0

2-

(-2+8)3g

βονι

3g

2+g

2

-1+BON
dz.z

1

t

;

the integral relative to z being taken from z = 0 to z =

The value of 1-g, for iron and other similar bodies, is very small, neglecting therefore

quantities which are of the order (1-g) compared with those retained, there results
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dβ

3πί

1 dz

1-

z

-1+ 1
t

;
. (a)

where u and v may have any values whatever provided they are not very great and of the
1

order

1-g
IfF₁ represents whatFbecomes by changing u into u+2t, we have

1

8(1-g)

F₁=
3πί

1 dβ

1-

0

and consequently

F-F=

3wt

lzdz

1-g

Z

βυ

-1+

-1+
βυ

t

t

1

,

1

0

which, by effecting the integrations and rejecting the imaginary quantities, becomes

F-F =
4(1-g) 4(1-g)

3√2+v²
3r

Suppose now po is a perpendicular falling from the pointpupon the surface of the plate,

and on this line, indefinitely extended in the direction Op, take the points P1,P2, P3, etc., at

the distances 2t, 4t, 6t, etc. fromp; then F1, F2, F3, etc. being the values ofF, calculated

for the points P1, P2, P3, etc. by the formula (a) ofthis article, and r' , '2, r's, etc. the cor-

responding values of r', we shall equally have

and consequently

4(1-g)

F-F.= ; F -F =

or',1

1 1

4(1-g)

3r'
2

,
etc.;

F= +++etc. in infinitum}; secing that Fo∞ = 0.3 r
1

From this value ofF, it is evident the total action exerted upon the point p, in any

given direction pn, is equal to the sum ofthe actionswhich would be exerted without the

interposition ofthe plate, on each of the points p,P1, P2, etc. in infinitum, in the directions

pn,p₁n1, P2 n2, etc. multiplied by the constant factor 4 (1-8) : the lines pr, p1 N1, P2 n₂, etc. being
3

all parallel. Moreover, as this is the case wherever the inducing pointPmay be situate,

the same will hold good when, instead ofP, we substitute a body of any figure whatever

magnetized at will. The only condition to be observed, is, that the distance between p

and every part ofthe inducing body be not a very great quantity of the order

t

1-g .

Onthe contrary, when the distance betweenp and the inducing body is great enough

to render ( 1- g)r' a very considerable quantity, it will be easy to show, by expanding Fin
t

a descending series ofthe powers ofr', that the actions exerted uponp are very nearly the

same as if no platewere interposed.
S
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Wehave before remarked (art. 15,) that when the dimensions of a body are all quan-

tities of the same order, the results of the true theory differ little from those, which would

be obtained by supposing the magnetic like the electric fluid, at liberty to move from

one part ofa conducting body to another; but when, as in the present example, one of

the dimensions is very small compared with the others, the case is widely different ; for if

we make g rigorously equal to 1 in the preceding formulæ, they will belong to the latter

supposition (art. 15), and as Fwill then vanish, the interposing plate will exactly neutra-

lize the action of any magnetic bodies however they may be situate, provided they are on

the side opposite the attracted point. This differs completely fromwhat has been deduced

above by employing the correct theory. A like difference between the results of the two

suppositions takes place,when we consider the action exerted by the earth on a magnetic

particle, placed in the interior of a hollow spherical shell, provided its thickness is very

small compared with its radius, as will be evident by making g= 1 in the formulæ belong-

ing to this case, which are given in a preceding part of the present article.

(17.) Since CoULOMB's experiments on cylindric wires magnetized to saturation are

numerous and very accurate, it was thought this little work could not be better terminated,

than by directly deducing from theory such consequences as would admit ofan immediate

comparison with them, and in order to effect this, we will, in the first place, suppose a

cylindric wire whose radius is a and length 2 , is exposed to the action ofaconstant force,

equal tof, and directed parallel to the axis ofthe wire, and then endeavour to determine

the magnetic state which will thus be induced in it. For this, let r be a perpendicular

falling from a pointp within the wire upon its axis, and x, the distance of the foot of this

perpendicular from the middle ofthe axis ; thenfbeing directed along a positive, we shall

have for the value of the potential function due to the exterior forces

V=-fx,

and the equations (b), (c) (art. 15) become,by omitting the superfluous constant,

do

=- ( )

(4)

0=(1-8) +364-3852:
4π 47

(b)

(c)

(r), the distance p', do being inclosed in aparenthesis to prevent ambiguity, and p' being

the point to which belongs. By the same article we have 0= 8 and 0=84, and as

and y evidently depend ona and r only, these equations being written at length are

rd

0= + ( )d.x

0=r
+

dr dr

Order ( ) .

Sincer is always very small compared with the length ofthewire,wemay expand o in an

ascending series of the powers ofr, and thus

=X+ X₁r+X.r² + etc.;

1
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X,X1, X2, etc. being functions ofa only. By substituting this value in the equation just

given, and comparing the co-efficients oflike powers ofr, we obtain

dX dX

+ + etc.

dr 22 dx 22.42

In precisely the same way the value of y is found to be

=Y-

deYr

dr 2

dY

+

dx 22.42

etc:

It now only remains to find the values of XandY in functions ofx. By supposingp'

placed on the axis of the wire, the equation (c) becomes

do

dwy=-f ( );

the integral being extended over the whole surface of the wire: Y' belonging to the point

p', whose co-ordinates will be marked with an accent.

The part ofY' due to the circular plane at the end ofthe cylinder, where x=- , is

dX" a 2wrdr

dx
(r)

0

since here do=2wrdr and
वक

dw

dX"

2π

dX"

dx

و

by neglecting quantities of the order a² on account of

their smallness ; X" representing the value ofXwhen x=- λ.

At the other end where x= + we have do=2wrdr,

part due to it is

dX a 2wrdr

=2

(r)
0

dX'''

dx

XIII designating the value ofXwhenx= + .

At the curve surface of the cylinder

क
do=2nadx and =-

dw

वक

dw

=-

dX

dx
-, andconsequently the

-λα ;

дф

dr

adeX

2 do

providedwe omit quantities of the order a compared with those retained. Hence the

remaining part due to this surface is

-

waS
πα

dr dX

the integral being taken from x=-x to x= + λ. The total value of ' is therefore

Y =2 * + * + - }-2 { (x+a) + ---
dx"

2π

do

dX"

2π

dx

dr dX

πα

(r) desi

the limits of the integral being the same as before. If now we substitute for (r) its value

√(x-x)²+a² we shallhave
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-πα

dx dX

(7) dx

-= πα

both integrals extending from x= -x to x = + λ.

dXdæ

√(x-x)²+n² dx??

Onaccount ofthe smallness ofa, the elements of the last integral where x is nearly

equal to x' are very great compared with the others, and therefore the approximate value

ofthe expressionjustgiven, will be

dX

-πα²Α

dx2

dx

whereA=
2

a

2μ

=2log very nearly;
a

the two limits ofthe integral being- and + and u so chosen that when p' is situate

any where on the wire's axis, except in the immediate vicinity of either end, the approxi-

mate shall differ very little from the true value, which may in every case be done without

difficulty. Having thus,by substitution, a value of ' free from the sign of integration,

the value of is given by merely changing a' into x andX' intoX; in this way

Y=2π

dX"

dx {√(1-x)*+ * +x}-2

The equation (c), by making r=0, becomes

0= (1-g)X+

or by substituting forY

3g dX"

+
2 dx

0 = (1-g)X-

dX"

dr

3gy 3gfx ,
Απ

4

-

4π

πα

dX

A

dx
√(x+ x) ²+ α -λ-α

-λ-χ

3ga²A d*X

d.x

3g dX"
-

2 dæ

3gfx
4%

;

an equation which ought to hold good, for every value ofx, from x=- to x=+ λ.

In those cases to which our theory will be applied, 1-g is a small quantity of the same

order as a²A, and thus the three terms ofthe first line of our equation will be of the order

@AX; making now =+ , a is shown to be of the order a²AX", and therefore

dx

dX"

3g dX"

2 dæ

dX" X is a small quantity of the order aA; but for any other value ofx the function

multiplying d becomes of the order a², and therefore we may without sensible error

neglect the term containing it, and likewise suppose

dX'''

dx

X"=0.

Inthe same way by making x=-d, it may be shown that the term containing

is negligible, and

dX

dx

dXX"± 0.
dr
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Thus our equation reduces itself to

0= (1 -g)X- 3ga*AdaX

ofwhich the general integral is

X=
3gfr

4π(1-g)

4 dx2

-Bx

+Be +Ce

3gf
x,

4π

+Br

;

where p²=4(1-8) . B and Cbeing two arbitrary constants. Determining these by the
3ga A

dX

conditions 0=

dr

dX

X and 0=
do
÷X", we ultimately obtain

βα βα

X=

3gf

4π(1 -g)

e-e

х-

βεβλBle te

-βλ

But the density ofthe fluid at the surface of the wire, which would produce the same

effect as the magnetized wire itself, is

do do a deX

dw dr 2dravery nearly,

and therefore the total quantity in an infinitely thin section whose breadth is dx, will be

πα

dX

dx

dx=
3gfBar Br-e-Br

2

4(1-8) exteβλ -βλ
dx.

As the constant quantity f may represent the coercive force of steel or other similar

matter, provided we are allowed to supposse this force the same for every particle of the

mass, it is clear that when awire is magnetized to saturation, the effort it makes to return

to a natural state must, in every part, bejust equal tof, and therefore, on account of its

elongated form, the degree of magnetism retained by it will be equal to that which would

be induced in aconducting wire of the same form by the forcef, directed along lines pa-

rallel to its axis. Hence the preceding formulæ are applicable to magnetized steel wires.

But it has been shown by M.BIOT (Traite de Phy. Tom. 3, Chap. 6,) from COULOMB's ex-

periments, that the apparent quantity of free fluid in any infinitely thin section is repre-

sentedby

+

This expression agrees precisely with the one before deduced from theory, and gives, for

the determination ofthe constants A' and ', the equations

β=-logμ' ; A'= -

3gfBa

4(1-8)( βλ + e- βλ)

T
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The chapter in which these experiments are related, contains also anumber of results,

relative to the forces with which magnetized wires tend to turn towards the meridian, when

retained at a given angle from it, and it is easy to prove that this force for a fine wire,

whose variable section is s, will be proportional to the quantity

sdx

do

dx
و

where the wire is magnetized in any way either to saturation or otherwise, the integral

extending over its whole length. But in a cylindric wire magnetized to saturation, we

have, by neglecting quantities of the order a² ,

=
do dX

dx dx

3gf 1

4π(1-g)

βx -

βα

and 8 =πα ,

e
β -βλ

and therefore for this wire the force in question is proportional to

3gfa

4(1-g)

2λ

2 (ex -e-β )一般)

βεβλ+e-βλ)

The value ofg, dependant on the nature of the substance of which the needles are

formed, being supposed given as it ought to be, we have only to determine s in order to

compare this result with observation. But s depends upon A=2 log , and on account

ofthe smallness of a, Aundergoes but little alteration for very considerable variations in

µ, so that we shall be able in every case to judge with sufficient accuracy what value of u

ought to be employed: nevertheless, as it is always desirable to avoid every thing at all

vague, it will be better to determineAby the condition, that the sum ofthe squares of the

errors committed by employing, as we have done,A for the approximate value of

+
λ

dar

deX'

dx

shall be a minimum for the whole length of the wire. In this way I

1

find when is so great that quantities of the order may be neglected

A=,231863-2logαβ+ 2αβ ;

where ,231863 etc.=2 log 2-2(A); (A) being the quantity represented byA in LACROIX'

Traite du Cal. Diff. Tome 3, p. 521. Substituting the value ofAjust found in the equa-

tion p² 4(1-8) before given, we obtain
3ga²A

4(1-g)

3g.αβε
=,231863-2 log aẞ+ 2ap • (a)

We hence see that when the nature of the substance of which the wires are formed

remains unchanged, the quantity aß is constant, and therefore a varies in the inverse ratio
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of a. This agrees with what M. BIOT has found by experiment in the chapter before cited,

as will be evideut by recollecting that β=-log μ'.

From an experiment made with extreme care by COULOMB, on amagnetized wire whose

radius was inch, M. BIOT has found the value of μ' to be ,517948 (Traite de Phy. Tome

3, p. 78) . Hence we have in this case

αβ=

1

12
log μ' = ,0548235,

which, according to a remark just made, ought to serve for all steel wires. Substituting

this value in the equation (a) of the present article, we obtain

g=,986636 .

With this value ofg we may calculate the forces with which different lengths of a steel

wire whose radius is inch, tend to turn towards the meridian, in order to compare the

results with the table of COULOMB's observations, given by M. BIOT (Traite de Phy. Tome

3, p. 84) . Now we have before proved that this force for any wire may be represented by

K

(

βλ -βλ

βλ-

εβλ+e-βλ

where, for abridgment, we have supposed

=K

(

-2βλ
1-e

2βλ

1 + e

3gfa

2β(1-g)

αβ=,0548235 :

K=

It has also been shown that for any steel wire

);

the French inch being the unit of space, and as in the present case a = there results

β= ,657882. It only remains therefore to determine K from one observation, the first

for example, from which we obtainK=58°,5 very nearly; the forces being measured

With this value ofKwe have calculated the last column ofby their equivalent torsions.

the following table :-

Length 2λ.
Observed

Torsion.

Calculated

Torsion.

18 in. 288° 287°9

12 172 172, 1

9 115 115,3

6 59 59,3

4,5 34 33,9

3 13 13,5

Thethree last observations have been purposely omitted, because the approximate equation

(a) does not hold good for very short wires.
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The very small difference existing between the observed and calculated results will ap-

pear the more remarkable, if we reflect that the value ofẞ was determined from an expe-

riment of quite a different kind to any of the present series, and that only one ofthese has

been employed for the determination ofthe constant quantityK, which depends onf, the

measure of the coercive force.

38

865 :

The table page 87 of the volume just cited, contains another set of observed torsions,

for different lengths of a much finer wire whose radius a
hence we find the

corresponding value ofẞ=3,13880, and the first observation in the table gives K=°,6448.

With these values the last column ofthe following table has been calculated as before.

Observed Calculated

Length 2λ.
Torsion. Torsion.

12 in. 11°50 11°50

9 8,50 8,46

6
5,30 5,43

3 2,30 2,39

2
1,30 1,38

1 ,35 ,42

,5 ,07 ,084

,25 ,02 ,012

Here also the differences between the observed and calculated values are extremely

small, and as the wire is a very fine one, our formula is applicable to much shorter pieces

than in the former case. In general, when the length of the wire exceeds 10 or 15 times

its diameter, we may employ it without hesitation.

THE END .
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